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Abstract. In this paper, Arnold diffusion is proved to be generic plienomenon in 
neariy integrable convex Hamiltonian systems with three degrees of freedom: 

H[x,y) = h{y) + eP{x,y), x £ T^ y £ 

Under typical perturbation eP, the system admits "connecting" orbit that passes 
through any two prescribed small balls in the same energy level H~^{E) provided 
E is bigger than the minimum of the average action, namely, E > mina. 
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1. Introduction 

For nearly integrable Hamiltonian systems, the set of KAM tori has a relatively 
large Lebesgue measure in phase space. For systems with two degrees of freedom, it 
implies the dynamical stability: all orbits are stable, the variation of actions stays 
small for all the time as each 2-dimensional KAM torus separates the 3-dimensional 
energy level. However, this is a special property of lower-dimensional space, KAM 



ARNOLD DIFFUSION IN A PRIORI STABLE SYSTEMS 



3 



torus of n-dimension does not separate (2n — l)-dimensional energy level if n > 2. 
It is conceivable that the complement of all n-dimensional invariant tori forms dense 
and connected set in phase space. This would mean that by arbitrary small changes 
of the initial states one would find orbits along which the action variables ultimately 
escape. The underlying phenomenon is now called "Arnold diffusion" . 

Conjecture (j Ar21 IAKN| ): The typical case in a higher- dimensional problems is 
topological instability: through an arbitrarily small neighborhood of any point there 
passes a phase trajectories along which the slow variables drift away from the initial 
value by a quantity of order 1. 

Since the celebrated example of Arnold [Arl] was published half a century ago, 
there are many works for the study of this problem. In recent years, it has become 
clear that diffusion is a typical phenomenon in so called a priori unstable systems, 
refer to |Be3l ICYT| ICY21 [DLSl ILCl Wi\ . The a priori unstable condition guarantees the 
existence of normally hyperbolic cylinder, from which one derives certain regularity 
of the barrier functions. The genericity of the diffusion is obtained by using the 
regularity |CYH ICY2| . There are also many works for the study of the problem, for 
instance, see ^ iBCVl iFMl IDHTI lDH2l [cfcl iGRll [GR2l IKLTI lKL2l IXllZhi]. 

General perturbation of integrable Hamiltonian is usually called a priori stable 
system. A bit away from strong complete resonance in such systems, some pieces of 
normally hyperbolic cylinder still exist and the method for a priori unstable system 
can also be applied |BKZ1 IBe4] . For a priori stable systems with three degrees of 
freedom, a notable difficulty occurs at the point of double resonance, around which 
the cylinder for prescribed single resonance may disappear. The averaged system has 
two homoclinic orbits associated with different classes in //i(T'^,Z). As the energy 
decreases, the periodic orbit on the cylinder simultaneously approach to these two 
homoclinic orbits. Correspondingly, the transition chain in ff^(T^,M) for the single 
resonance may break. To solve this difficulty, Mather suggested a path in if^(T^,R) 
to cross double resonance, along which one moves the cohomology class in the channel 
determined by the prescribed homology class and switches it to the channel deter- 
mined by one of these two classes when it is getting close to the double resonance 
paillBllMiTr] . 

In this paper, the path we choose to construct transition chain is different from that 
suggested by Mather. We find an annulus surrounding the flat of double resonance in 
(T^, M), which has a foliation of circles. Each of these circles is actually a transition 
chains of incomplete intersection. Although the annulus is not so thick, each single 
resonance path extends into. It allows us to use one of these circles connecting one 
single resonance path to another. In this way, we find a path of transition chain along 
which the diffusion orbits are constructed by variational method. 

1.1. Statement of the main result. We consider nearly integrable Hamiltonian 
systems with 3 degrees of freedom: 

(1.1) H{x,y) = h{y) + eP{x,y), {x,y) eT^ xR^, 

where h is assumed to strictly convex, namely, the Hessian matrix d'^h/dy'^ is positive 
definite. It is also assumed that min/i = 0, both h and P are C^-function with r > 5. 
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ForE> 0, let H-^{E) = : H{x,y) = E} denote the energy level set, i? C M 

denote a ball in such that U£;'<i?+i h-^{E') C B. Let ©a, C C'CT^ x 5) denote 
a sphere and a ball with radius a > respectively: -F G ©a if and only ||-F||c"' = o. 
and F G if and only H-FHc- < a. They inherit the topology from C""(T'^ x B). 

Let be a set residual in ©„, each P G $Ha is associated with a set Rp residual 
in the interval [0, ap] with ap < a. A. set ta is said cusp-residual in %a if 

Let denote the Hamiltonian flow determined by H. Given an initial value (x, y), 
generates an orbit of the Hamiltonian flow {x{t),y{t)). An orbit {x{t),y{t)) 
is said to visit Bs{yo) C if there exists t G M such that y{t) G Bs{yo) a ball centered 
at 2/0 with radius 5. 

The main result of this paper is the following: 

Theorem 1.1. Given any two balls Bs{xQ,yQ), Bs{xk,yk) C x M'^ and finitely 
many small balls Bs{yi) C (i = 0, 1, • • • , k), where yi G h^^{E) with E > and 
S > is small, there exists a cusp-residual set ^P^p such that for each eP G *Peo; 
the Hamiltonian flow admits orbits that, on the way between passing through 
Bsixo,yo) o-nd Bs{xk,yk), visit the balls Bs{yi) in turn. 

Remark. The result proved here is stronger than what was formulated in jAr2| . 
By dropping the requirement that orbit passes two prescribed balls in the phase 
space and using the same construction, one can get an orbit that visits these balls 
Bsivi) C (i = 0, 1, • • • , A;) infinitely many times with any prescribed order, as it 
was announced in |Ma4] . Indeed, as finitely many balls are given, there exists a path 
with finite length passing through finitely many resonance layers and connecting any 
two of these balls directly. It does not damage the cusp-residual property. 

Using the same method, one can prove the same result for time-periodic sys- 
tems with two degrees of freedom. The statement of the result will be: for typ- 
ical time-periodic perturbations of integrable Hamiltonian with 2-degrees of free- 
dom, the Hamiltonian flow admits orbits passing through any prescribed two balls 
Bs{xo,yo) and Bs{xk,yk) in the phase space and finitely many small balls Bs{yi) C 
(i = 0, 1, • • • , A;) in the action variable space. The proof is a easier from technical point 
of view, one can see it in the following proof. 

1.2. Brief introduction of Mather theory. We use variational method to prove 
the result, which is based on Mather theory. This theory is established for Tonelli 
Lagrangian. 

Definition 1.1. Let M be a closed manifold. A C'^ -function L: TM x T — )• M is 
called Tonelli Lagrangian if it satisfies the following conditions: 

Positive definiteness. For each {x,t) G M x T, the Lagrangian function is strictly 
convex in velocity: the Hessian dxxL is positive definite. 

Super-linear growth. We assume that L has fiber-wise superlinear growth: for 
each {x,t) G M x T, we have L/\\x\\ — t- oo as ||x|| — t- oo. 



Completeness. 

t £ R. 
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All solutions of the Lagrangian equations are well defined for all 



For autonomous case, the completeness is automatically satisfied, since each orbit 
entirely stays in certain compact energy surface. 

Let r]c{x) denote a closed 1-form {r]c{x),dx) evaluated at x, with its first co- 
homology class [{r]c{x) , dx)] = c G ff"^(M, M). We introduce a Lagrange multiplier 
Vc = {'nc{x),x). Without danger of confusion, we call it closed 1-form also. 

For each curve 7: M — )• M with period k, there is unique probability measure 
/i-y on TM X T so that the following holds 
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k 



/ fd^^ = T I f{d'y{s),s)ds 
Jtmxj Jo 

for each / E C^iTM x T,M), where we use the notation d'^ = (7,7). Let 

r = {^^1 7 E C^M, M) is periodic of k]. 

The set ^ of holonomic probability measures is the closure of F in the vector space 
of continuous linear functionals. One can see that is convex. 

For each v & ^ the action Adv) is defined as follows 



It is proved in jMaH I Me] that for each co-homology class c there exists at least one 
invariant probability measure Hc minimizing the action over 



Acil^c) = inf I {L- r]c)du, 



called c-minimal measure. Let i^c C be the set of c-minimal measures, the Mather 
set A4(c) is defined as 

M{c) = [J supp/ic. 

The a-function is defined as a{c) = —Ac{iic) '■ M) — )• M, it is convex, finite 

everywhere with super- linear growth. Its Legendre transformation (3 : Hi{M,M) — > M 
is called /3-function 

(3{uj) = max((cj,c) — a(c)). 

c 

It is also convex, finite everywhere with super- linear growth (see [Malj ). 

Note that J Xdfi-y = for each exact 1-form A and each fj,^ £ T. Thus, for each 
measure fi £ one can define its rotation vector cj(/i) G Hi{M,U.) such that 

{[X],io{^,)) = I Xd,i, 

for every closed 1-form A on M. For a closed curve 7: [0, /c] — )■ M its rotation vector 
is defined as 

7(fc)-7(0) 
k 
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where 7 stands for the hft of 7 to the universal covering M". Let 7^: [0, fc] — )• M be 
a closed curve such that [7^] = Uk and 

i^(7fe)= inf I I Lidjit),t)dt. 

Obviously, d-jk is a periodic orbit of 4>^^, the Lagrange flow determined by the La- 
grangian L. Consequently, we obtain an invariant measure fj,k whose rotation vector 
is ujk- Of course, pk is not necessarily the minimal measure for I3{ujk). Nevertheless, 
if we choose a sub-sequence of closed curves {"iki} such that 

1 I 
lim — A(7fc.) = liminf inf — / L{d'y{t),t)dt, 

and if [jk,] — ^ ^, then 

lim l^(7fcj = /3(w). 

ki^oc Ki 

Clearly, there is at least one invariant measure /i such that /ifc. ^ and /x is a 
holonomic probability measure with its rotation vector being According to the 

definition of holonomic measure, and due to the work in IMej . we have 



j3(uj) = inf / edu 

where i^^ is a set of holonomic probability measures with the given rotation vector 
UJ, not necessarily invariant for </)^. 

The Fenchel-Legendre transformation //i(M, M) — t- ff^(M, M) is defined as 
follows 

ceif^(p) ^ a{c)+/3{p) = {c,p). 

The concept of semi-static curves is introduced by Mather and Mane (cf. [MaSl 
IMe| ) . A curve 7: M — )• M is called c-semi-static if in time-l-periodic case we have 

[vlc(7)l(t,')] = ^c((7W,t),(7(i'),0) 
where ^ 

[Ml)\{t,t')] = f {L{d^{t),t)-ri,{d^{t))yt + a{c){t' -t), 



in which 



Fc{{x,t),{x ,t')) = inf /ic((x,t), (x',r')), 

T— t mod 1 
T — t mod 1 

/ie((x,T),(x',T')) = inf / (L(dC(t),t)-r?,(dC(t)))dt + a(c)(r'-r). 

In autonomous case, the period can be considered as any positive number. Conse- 
quently, the notation of semi-static curve in this case is somehow simpler 

[^c(7)l(M')]=^^(7W>7(i')), 

where 

Fc{x,x) = inf /ic((x,0), (x',r)). 

T>0 

Convention: Let / C M be an interval (either bounded or unbounded). A continuous 
map 7: / — 7- M is called curve. If it is differentiable, the map d'y: I — t- TM is 
called orbit. When the implication is clear without danger of confusion, we use 
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the same symbol to denote the graph, 7 := Ute/(7(t),t) is called curve and := 
Utei{'y{t),^{t),t) is called orbit. In autonomous system, the terminology also applies 
to the image: 7 := Utg/7(t) is called curve and dj := Ut£i{'y{t),'y{t)) is called orbit. 

A semi-static curve 7 £ C^(M,M) is called c-static if, in addition 

[Ml)M = -Fc{{l{t'),T'),{j{t),T)) 

holds in time-l-periodic case and 

[Mi)\(t,t')] = -Fch{t')Mt)) 

holds in autonomous case. An orbit X{t) = {d'y{t),tmod 2it) is called c-static (semi- 
static) if 7 is c-static (semi-static). We call the Mane set M{c) the union of c-semi- 
static orbits 

Af{c) = {^{d'y : 7 is c-semi static} 
and call the Aubry set A{c) the union of c-static orbits 

A{c) = [^Jidj : 7 is c-static}. 

We use M.{c), A{c) and A/'(c) to denote the standard projection of 7W(c), .4(c) and 
M{c) from TM x T to M x T respectively. We have the following inclusions 

Mic) C^(c) CAA(c). 

It is showed in |MaH IMa2j that the inverse of the projection is Lipschitz when it 
is restricted to A{c) and M.{c). By adding subscript s to J\f, i.e. Ms we denote 
its time-s-section. This principle also applies to Af{c), A{c), A^(c), A{c) and M.{c) 
to denote their time-s-section respectively. For autonomous systems, these sets are 
defined without the time component. 

On the time-l-section of Aubry set a pseudo- metric dc is introduced by Mather in 
|Ma2j . its definition relies on the quantity h"^. Let 

h'^{{x,s),{x' ,s')) = liminf hc{{x,t), {x ,t')), 

s—t mod 1 
t — s mod 1 
t' — t^oo 

h'^{x,x') = \immfhci{x,0),{x',k)). 

The pseudo-metric dc on Aubry set is defined as 

dciix, t), {x',t')) = C((x, t), ix',t')) + C((x', t'), (x, t)). 

With this pseudo- metric dc one can define equivalence class in Aubry set. The equiva- 
lence {x,t) ~ {x',t') implies dc{{x,t), {x' ,t')) = 0, with which one can define quotient 
Aubry set A{c)/ ~. Its element is called Aubry class, denoted by Ai{c), its lift to 
TM X T is denoted by Ai{c). Thus, 

A{c) = U Ai{c), A{c) = U Mc). 
ieA ieA 

In [?] Mather constructed an example with some quotient Aubry set homeomorphic 
to an interval. However, it is proved generic in [BC] that each Aubry set contains not 
more than n + 1 classes for the system with n degrees of freedom. 

The definition of semi-static curve as well as of Mane set depends on which con- 
figuration manifold under our consideration. Let vr : M — t- M be a finite covering, a 
curve 7: M — )■ M is said semi-static in M if its lift 7 is semi-static in M. Accordingly, 
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we define A/'(c, M) {J\f{c, M)) as the set containing all c-semi-static orbits (curves) in 
M. We use the symbol M{c) when M is defaulted as the configuration manifold. 

It is possible that TrJ\f{c,M) 2 M{c,M). For instance, if C M is a open region 
such that Hi{M,N,Z) ^ Hi{M,Z), J\f C N and the lift of iV in M has more than 
one connected component, then this phenomenon takes place. But we have 

Proposition 1.1. Let vr : M — )• M be a finite covering space, then 

7rA{c,M) =A{c,M). 



Proof. Pick up any x £ TrA{c, M) and any 
sufficiently large T > as well as a curve ^ 
[^c(0] < ^- Let ^ denote the project of ^ 
[^c(C)] < ^- Let X = TTx, clearly, x £ A{c). 



small (5 > 0, by definition, there exists 
: [0, T]^ M such that ^(0) = ^{T) and 
down to M, clearly, we have [^c(0] = 

□ 



1.3. Outline of the proof. We use variational method to prove the result. Since the 
work of Mather |Ma2l IMa3| . the variational method has become a powerful tool for 
the study of dynamical instability in positive definite Lagrange systems with multiple 
degrees of freedom. 

In the study of diffusion in a priori stable systems with three degrees of freedom, 
mainly due to the work of Mather |Ma7j . it has been widely known that the main 
difficulty takes place near double resonance. To describe what puzzled us and to 
explain the strategy of our proof, let us recall the example of Arnold and previous 
study on a priori unstable systems. 

In the example of Arnold, there exists a 2-dimensional cylinder in the phase space, 
which is invariant and normally hyperbolic for the time-l-map determined by the 
Hamiltonian flow. This cylinder is foliated into a family of invariant circles, each 
of them has stable and unstable manifold which intersect each other transversally. 
Consequently, the unstable manifold of some circle intersects the stable manifold of 
other circles nearby, it implies the existence of a sequence of successively connected 
heteroclinic orbits. This structure is called transition chain by Arnold. Diffusion 
orbits are then constructed shadowing these heteroclinic orbits. 

Such argument heavily depends on the geometric structure and it turns out to have 
wider range of application to use variational argument. Let us interpret the proof by 
variational language. Each invariant circle is the Aubry set for certain cohomology 
class, the stable as well as the unstable manifold is actually the graph of the differential 
of the weak KAM solution. Expressed as the difference of backward and forward weak 
KAM, the barrier function reaches its minimum at primary intersection points of these 
two manifolds. These homoclinic orbits and the Aubry set constitute the Maiie set in 
certain finite covering space. For positive definite systems, the transversal intersection 
implies the minimality of the homoclinic orbits as well as local heteroclinic orbits, 
along which the Lagrange action reaches the minimum among all those curves with 
the same boundary conditions. The diffusion orbits are obtained by searching for 
global minimizer which generates an orbit shadowing a sequence of local heteroclinic 
orbits. 

The variational arguments still work in the case that there is no so nice geometric 
structure, provided the following conditions are satisfied for each cohomology class 
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1, the Auhry set is lower dimensional: Hi{AI,A{c),7j) ^ 0; 

2, the stable "manifold" intersects the unstable "manifold" transver sally. 

However, it turns out very difficult to verify whether the stable "manifold" inter- 
sects the unstable "manifold" transversally for each cohomology class along a path of 
first cohomology class. As uncountably many stable and unstable "manifolds" have 
to be considered, one can not get the genericity of the transversal intersection by 
taking the intersection of countably many open-dense sets. One possible way is to 
study some regularity of barrier functions with respect to some parameter. Thus, 
one obtains the finiteness of Hausdorff dimensions of the set of barrier functions. As 
such regularity is obtained in the case when a normally hyperbolic cylinder exists 
we are succeeded in solving the problem in a priori unstable case [CYH ICY2| . In 
fact, the regularity was obtained in jCYl| only for those barrier functions for which 
the minimal measure is supported on an invariant circle. It was extended in {Zolj to 
all other barrier functions, which allows us to construct diffusion orbits of which the 
picture looks like what was constructed by Arnold, while in our previous work, the 
constructed orbits keep close to the cylinder when they pass through strong resonance 
(Birkhoff instability region). The "gap" problem was then solved. 

Intuitively, diffusion orbits in a priori stable systems may be constructed along 
some resonant path. In terms of rotation vector (first homology class), each point 
on this curve satisfies at least one resonant condition for the system with 3 degrees 
of freedom. In integrable systems, each resonant path corresponds to an invariant 
cylinder without any hyperbolicity. Under generic perturbations, it breaks into many 
pieces of normally hyperbolic cylinder, but may disappear around double resonant 
points. It implies a bad consequence: we lost a handhold to get certain regularity of 
barrier functions in suitable parameter. It then becomes unclear whether there is a 
transition chain near double resonance. 

In terms of first cohomology, strong double resonance corresponds to a convex disc 
with size 0(-y/e) if the perturbation is of order 0(e), each piece of normally hyperbolic 
cylinder corresponds to a channel which extends to a small neighborhood of the disc. 
But it is unclear whether these channels are connected to the disc of double resonance. 

The method we use to overcome this difficulty bases on following discoveries: 

First, each double resonant disc is surrounded by a annulus foliated into a family of 
paths, along each of these paths, there is another invariant (a coordinate component 
of the cohomology class) except for the average action and the intersection of stable 
"manifold" with unstable "manifold" is nontrivial although it may not be transversal. 
This annulus has width of order 0(e). 

Next, incomplete intersection of the stable and unstable "manifold" of an Aubry 
set does not implies that it can not be connected to any other Aubry set nearby. It 
does if they are c-equivalent. 

Finally, the channels of normally hyperbolic cylinder reach to somewhere e^"'"''-close 
to double resonant disc {6 > 0), i.e. it has overlap with the annulus. For each class 
in the channel, the relative homology of the Aubry set is non-trivial. 
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Therefore, we are able to find a path close to prescribed one, for each class on 
the path, the Aubry set is connected to another Aubry set nearby provided the class 
is also on the path. All of these connecting orbits are minimal in local sense. The 
diffusion orbits are constructed shadowing these successively connected orbits. 

We organize the proof in following way. Section 2 is used to establish the concept 
of elementary weak KAM, it makes it easier to study genericity of transition chain. 
Section 3, 4 and 5 are devoted to study the structure of Marie set and of Aubry set. 
Since these sets are symplectic invariants |Be2| , we do it by studying the normal form 
which is put into the appendix. The truncated Hamiltonian of the normal form is 
a system with two degrees of freedom. In Section 3, we study the dynamics around 
the double resonance, and the modulus continuity of the period on energy (average 
action). With these preliminary works, normally hyperbolic cylinder is shown to get 
very close to the double resonance in Section 4, and an annulus of c-equivalence is 
established in Section 5. Section 6 is devoted to establish two types of local connecting 
orbits. The local minimality of these local connecting orbits are naturally-given, it 
enables us to construct global connecting orbit shadowing these local connecting 
orbits. It is obtained by searching for the minimizer of modified Lagrangian, which 
is done in Section 7. Finally in Section 8, we verify the cusp-residual property of 
the transition chain in nearly integrable Hamiltonian systems with three degrees of 
freedom. Consequently, the main result of this paper is proved. 



2. Elementary Weak KAM and Barrier 

The concept of elementary weak KAM is introduced in this section. It plays key 
role in obtaining the genericity of the diffusion phenomenon. 



2.1. Elementary weak KAM. The concept of c-semi-static curves can be extended 
to the curves only defined on , which are called forward or backward c-semi-static 
curves respectively. Usually one uses 7~(t,x,r): (— oo,r] — )■ M to denote backward 
c-semi-static curve such that 7^(t) = x, and uses 7^(t,x,r): [r, oo) — M to denote 
forward c-semi-static curve such that 7^(r) = x. In autonomous case, one uses the 
notation j^{t,x) such that 7^(0, x) = x. Let 

N^{c) = {(x,x,t) G TM X T : T^x(t>^L{^,T)\[T,+oo) is c-semi-static}, 
N" [c) = {(x,x,t) G TM X T : t^x(I>\{z,t)\(_^^^-^ is c-semi-static}, 

where < r < 1, (/>^(x, x, r) denotes the orbit of the Lagrangian flow with the initial 
value (x, x) at the time r, -Kx denotes the standard projection along tangent fiber 
T^xix^x) = X. The corrsponding orbits are called forward (backward) semi-static 
orbit set respectively. These two sets are upper semi-continuous for the cohomology 
class. 

Proposition 2.1. (see [Boj ) If the Lagrangian L is of Tonelli type, for each point 
(x,t) G M X T, there is at least one j^{t, (x,r)) which is forward [backward) semi- 
static curve. 
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As both the w-hmit set of dj^ and the a-Hmit set of d'y^ are in the Aubry set one 
can define 

wt= U 

(x,T)eMxT 

and call and W~ the stable and unstable set of the c-minimal measure respec- 
tively. If for some (x,t) G M x T we have (i7~(r) = d7"'"(r), then there is an orbit 
passing through the point {{x, r), d7~(r, {x, r))) which is either in some Aubry set or 
homoclinic to this Aubry set. 

When the Aubry set contains only one class, the stable as well as the unstable 
set has its own generating function such that = Graph((iii^) holds almost 
everywhere. These functions are weak KAM solutions, which are the fixed points of so 
called Lax-Oleinik operator [Fait IFa2| . We use to denote the weak KAM solution 
for the Lagrangian L — rjc, where rjc is a closed form with [t/c] = c. These functions are 
Lipschitze, thus differentiable almost everywhere. At each differentiable point (x,r), 
(x, r, dxU~ (x, r)) uniquely determines backward c-semi static curve 7" : (—00, r] — )• M 
such that 7^7 (r) = x, 'y^ir) = dyH{x,T,dxU~{x,T)). Similarly, {x,T,dxU~^{x,T)) 
uniquely determines forward c-semi static curve 7" : [r, 00) — )■ M such that 7^ (r) = x, 
iti^) = dyH{x,T,dxU+{x,T)). 

Given a cohomology class c, we use jjgA C TM to denote the set of an Aubry 
class, use {^*}igA C M to denote the projected set along the tangent fibers. Here A 
is an index set so that A{c) = We also use the symbol = supp/ij where 

/ij is an ergodic component of the c-minimal measure fj,c, and let Ai^. = vrA^* . 

Proposition 2.2. ( |Fa2] ) Let and u'^ be two weak-KAM solutions for c. Re- 
stricted on each Aubry class their difference keeps constant: {uf —u'^)\y^i^ = constant. 

Recall the definition of /ijf in the introduction. We use the symbol h"^ to denote 
the quantity defined in the same way for L with c = 0, and drop the subscript L when 
it is clearly defined. Let z = (x, r), z' = {x' , r'). By definition, there is a subsequence 
{ki G Z} with /cj — )• 00 such that 

lim = h°°{z,z'). 

Let 7j: [r, ki + r'] — )• M be the curve which joins x with x' and realizes the quantity 
h^^{z,z'). Given any large number A^, the set {7i|[r,Ar]}i>io C^'^-compact. Thus, 
there exists at least one curve 7: [r, 00) — )• M such that, restricted on [r, A^], it is an 
accumulation point of {7i|[T,Af]}i>jo- Obviously, this curve is forward semi-static. 

The quantity h^{z, z') is a weak-KAM solution if we consider it as the function of 
z or of z' . Let us consider the case that the c-minimal invariant measure has finitely 
many ergodic components. In this case, this function has some kind of continuity. 

Theorem 2.1. Let {L^^ be a sequence of Lagrangian, converging to L in C'^ -topology 
as ^ — 7- when they are restricted on any bounded regions ofTM x T. We assume 
that the minimal measure for L consists ofm ergodic components /j.^ , fj?, - ■ ■ , fi"^, and 
the distance from (x,r) G to the Aubry set for L^, d{{x,T),AL^) as ^ — )• 0. 
Then 

limhf {{x,t),{x' ,t')) = h'^{{x,T),{x' ,t')). 
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Proof. Wc only need to prove it on the time-l-section, i.e. for r = r' = 0, so, we 
omit the symbol for the component of r. For each e > 0, there exists k > such that 

\h'^{x,x') — h'^{x,x')\ < e. Let a and denote the minimal average action of L and 
respectively. Let 7*^: [0, /c] — ^ M be the curve such that 7'^(0) = x, '~i^{k) = x' and 

[^(7^=)] = f\{dj''{t),t)dt + ka = h''{x,x') 
Jo 

For any k' > k we construct an absolutely continuous curve [0, k'] — )■ M such that 
^(i -k' + k) = ^\t) for te[k'- k,k'] and [^l^ (Cl[o,/c'-fc])] = Jq-" L^{dat),t)dt + 
{k' - k)a^ = h^^-^{x,x). Thus, 

[^Lj(C)] < h^L^^{x,x) + h!'{x,x) + k\a-a^\ 



+ 







{L-L^){d-i^{t),t)dt 



Since d{x,AL^\t=o) as ^ ^ we see that liminffe/.^ /i^ ^{x,x) as ^ 0. 
Since a is continuous in the Lagrangian and e is arbitrarily small we see that 

limsup/i|°(x,x') < h'^{x,x'). 

Therefore, to complete the proof, we only need to show 
(2.1) \iminihf(x,x')>h'^{x,x'). 

Let 7I*: [0, /c^] M be a curve such that 71*^(0) = x, ^^'^{kg) = x' and 

[A^{li')] = h)^^M^hf^{x,x% 

where /c^ — t- 00 is a sequence of integers. Let 0^{S) denote the e-neighborhood of the 
set S. For small e > 0, there exist some j with 1 < j < m, an integer kj G [0, k(\ and 
Xj G Aii^ = Ai^\t=Q such that ^^^{kj) G 0^{xj) provided ki is sufficiently large. 

Let us consider those ergodic components of minimal measure for L of which the 
support is approached by ^7^*^ as ^ — )■ 0: {(^7'^'^} Pi Of^{M^) 7^ 0. We number some j 

as ji if some xi G M.'^ exists such that 7^^(A;i) G Oe(xi) and for each k < ki, J^^{k) 
does not fall into e-neighborhood of any Mq. Let k'l > k\ be the integer such that 
7|^(fci) G Oe(xi) and 7^^ (A;) ^ Oe(xi) for all k > A;^. We number some j2 7^ ji if 
some k2 > k'-^ and some X2 G A^^^ exist such that 7|^(A;2) G Oe{x2), let ^2 > A;2 be the 
integer such that '^''{k^) G Oe(x2) and 7^^ (A;') ^ Oe(a^2) for all A; > k2- Inductively, 
one obtains Xi G M.q {i = 1,2 ■ ■ ■ m' < m) and 

< A;i < A;i < ■ ■ • < A;^/ < A;(„, < A;^ 
Obviously, there exist small (5 = (5(e) > and large integer K = K{e) such that 



|A;, -A;' I <if, V A;^ 



00 



provided |^| < 6. Otherwise, there would exist also an ergodic component u of the 
minimal invariant measure such that v ^ /j,^ for all < j < m, but it is absurd. 

Given small e > 0, let ke be the integer such that \h'^^{x,x') — h'^^{x,x')\ < e. Let 
Xj = ^^^{kj), Xj = l^^{k'j), we choose an absolutely continuous curve [0, A;^] — >■ M 



ARNOLD DIFFUSION IN A PRIORI STABLE SYSTEMS 



13 



such that Cj(0) = Xj, Cji^j) = Xj and [^(Cj)] = h^Hxj,Xj). As Xj,Xj G 0^{xj) we 
can choose sufficiently large k-'^ such that 

\h^'i{xj,Xj)\ < Ce, 

where C = C{L) is a constant depending on L only. As \\xj — Xj\\ < 2e, for any 
integer i we have 

h\^{xj,Xj) > -Ce. 

For any large integer A; G Z, we can construct an absolutely continuous curve C- 
[0, k'] M {k < k') joining x with x' such that 



7^*(t - Tj-i), if k'-_^ + r,_i <t <kj + Tj_i, 
Q[t — kj — Tj), if kj + rj_i < t < kj + tj 



where Tj = X]j=i(^if ~ K ^ ^-J^' ^' = + ''"m'- The action of L along this curve is 
easily estimated 



h'{x,x')-h'l^{x,x') < [A{C)]-h'l^{x,x') 

< 2m'{Ce + K\a- 



(L-L5)(d7|(t),t)(it 



As — < K, and X is independent of ^ when ^ is sufficiently close to 0, we 

see that the inequality (|2.ip holds. This completes the proof. □ 

Corollary 2.1. Let Ci ^ c be a sequence of cohomology classes. We assume that the 
c-minimal measure consists of m ergodic components /x^,-'' )/"™; {x^t) G Mc 
and d{{x,T),M.{ci)) — )• for some < j < m, as Ci ^ c. Then 



hm /i-((x,r),(x',r')) = r), (x', r')). 



From the proof one can see that the function /i^ is lower semi-continuous in c if 
the c-minimal measure is assumed to have finitely many ergodic components: 

liminf/i^(z,z') > 



If the c-minimal measure has finitely many ergodic components, we can introduce 
the concept of elementary weak KAM solution. One can choose finitely many non- 
negative functions gi: M x T — )• M such that its support has no intersection with 
a small neighborhood of and the minimal measure for the Lagrangian i^c,j,e = 
Lc + e^j is uniquely supported on M.\. By the theory of weak KAM ( [Fa2j ). there is 
exactly one pair of weak KAM solutions denoted by u^- ^ and 

Choosing z G virtue of Theorem 12. H one has h"^ . {z,z') — )■ h^{z,z') as 

e — )• 0. Since ^(j = in the neighborhood of 7W* , n^. ^{z) remains unchanged as e — )■ 0. 
Thus, there is a Lipschitz function such that ^ — )■ as e — )• 0. Clearly this 
is a weak-KAM solution for Lc. Similarly, we can see that ^ — >• as e — ?■ 0. 
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Definition 2.1. (elementary weak-KAM solution). Assume that the minimal 
measure for Lc consists of finitely many ergodic components ji],, fi"^, • • • A weak 

KAM uf- of Lc is called elementary ifuf^ = lim^^ouf^ ^ where uf- ^ is the weak KAM 
solutions of Lc^i^e, of which the minimal measure is uniquely ergodic and Lc^i^e — ^ -^c 
as e — >• 0. 

It is not necessary that u^- is a pair of conjugate weak KAM. Clearly, if (x, t) G A^* 

hf{ix,t),{x',t'))=u-^ix',t')-u+^ix,t), 
hf{{x\ t'), {x, t)) = u+^{x, t) - u-^{x', t'). 

These elementary weak KAM solutions generate all weak KAM solutions in the 
following sense. 

Proposition 2.3. Assume the minimal measure consists of m ergodic components. 
For each weak KAM solution , there exist m' (m' < m) constants df,--- ,d^, 
and m! open domains , • • • , D^, such that they do not overlap each other, M = 
^i<i<m'Df and 

(2.2) w^\^±=uf + df, yi<i<m. 

Proof. It is deduced from the Lipschitz property of u~ that it is differentiable almost 
every where. Let x be a point where u~ is differentiable, du~ (x) determines a unique 
backward semi static orbit d^y^.: (— oo,0] — )• M whose a-limit set is in certain Aubry 
set By definition we have 

/■° • 

u {x)-u (7c(-t)) = / Lc{d'yl{s),s)ds + a{c)t 



J-t 

let tk ^ oo such that 7c(— ifc) — )• x' G A^., it follows from Proposition (j2.2p that 
(2.3) u~{x) = /i^(x',x) + n-(x') = u^^^{x) + di. 

If X* G M is another point where du~{x*) determines a backward semi-static orbits 
whose a-limit set is also contained in A]., we then obtain (j2.3p for u~{x*) with the 
same di. All these points constitute a set connected with A^., there are not more than 
m connected sets such that ()2.2I) holds. □ 

Theorem 2.2. Let Ci ^ c be a sequence of cohomology and assume that the minimal 
measure consists of finite ergodic components for each Ci and c. Let Aii^, Aii be the 
support for the ergodic minimal measure //q and fii respectively, let u~ and u~ be the 
corresponding elementary weak KAM solution. If fii- fii as Ci — t- c, then u~ — >• u~ 
in -topology. 

Proof. It follows from the continuity of /i^(x,x') in c shown in Theorem 1 2 . 1 1 and the 
definition of the elementary weak KAM solution. □ 

In terms of conjugate pair of weak KAM solution, one has a definition of Mane set 
in |Fa2] . For the purpose of this paper, we would like to use elementary weak KAM 
solution. Recall the definition of the barrier function in [Ma2]: 

B:{x) = ^ min {C(e,x) -C(x,C) + C(e,C)}. 
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If the minimal measure consists of finitely many ergodic components, we introduce 
barrier functions in terms of elementary weak KAM solutions: given z = (x, r) G 
M X T, we set 

(2-4) B,^ij{z)=u-,{z)-u+^{z). 

which measures the minimum of the action along all those curves passing through z 
and joining A^* to Aii. For autonomous systems, this barrier function is independent 
of time. Obviously, each semi static curve corresponds to a minimum of — uf^ if 

its Q-limit set intersects Ai^. and its w-limit set intersects Ml. 

2.2. Minimal Homoclinic Orbits to Aubry Set. To extend the concept of ele- 
mentary weak KAM solution to universal covering space, let us reveal some properties 
of minimal homoclinic orbit to Aubry set. 

Given a curve 7: M — t- M, we call d'j = (7, 7) a homoclinic orbit to some Aubry 
set A if it does not stay in the Aubry set, but its w-limit set as well as the a-limit 
set is contained in the Aubry set: 

aidj) C A and '^('^7) ^ A. 

Correspondingly, we call 7 homoclinic curve. The existence of homoclinic orbits to 
Aubry sets has been studied in a few papers, see \Bo\ \Bel\ \Cm\ \Zhe\ IZo2] . 

The existence of such homoclinic orbits is closely related to the issue whether 
the Cech homology group Hi{M,A,M) is non-trivial (we need to consider Hi{M x 
T, A^ M) for time-periodically dependent Lagrangian). It is defined as the inverse limit 
lim_4(^[/ ffi(M, ?7, M), where U is an open neighborhood of A. There exists a small 
open neighborhood Uq A such that rankifi(M, ?7, R) = ranki7i(M, M) provided 

Let M be a covering of M such that ■ki{M) = ker(i3 : 7ri(M) Hi{M,R)) where 
Sj denotes the Hurewicz homomorphism. The group of Deck transformation of this 
covering space is 

H = im{Sj : 7ri(M) ^ Hi{M,R)). 

Let U be an open neighborhood of A such that rankffi(M, U, Z) = rankffi(M, A, M). 
Let K = i^:Hi{U,7j) C H and G = H/K, then G is a free Abel group. To each orbit 
(7,7): M — 7- M homoclinic to A, an element [7] G G is associated. 

If the group G is non-trivial, there is a flat F of the a-function containing the 
cohomology class. A set F C -ff^(M, M) is called flat if the function a is affine when 
it is restricted on F, not affine for any set properly contains F. The dimension of this 
flat is not smaller than r = rankiJi(M, Z) and the Aubry set is the same for all 
classes in the interior of F (see |Ms| ) . 

In this paper, we are interested in so-called minimal homoclinic orbits. Let M be 
a covering manifold of M such that 7ri(M) = 7ri(C/). A curve 7: M — t- M is called M 
semi-static if the lift of 7 to M, 7: M — )■ M is semi-static. A homoclinic orbit ^7 is 
called minimal if the lift 7: M — >• M is semi-static. 

Theorem 2.3. If there is only one Aubry class and rank Hi{M , A,M) = r > 0, then 
there are at least r + 1 minimal homoclinic orbits. If M{c) 2 A^(c') for c G d¥ and 
d G int¥, then there are infinitely many c-minimal homoclinic orbits. 
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The existence of at least r + 1 homoclinic orbits is proved in [Belj , these orbits are 
minimal. Let us briefly describe how to find these r + 1 minimal homoclinic orbits. 
Given a point x £ A and g £ G, we denote by .^j: [—i, -i] — t- M the minimizer of 

/ig(x)= inf / L{Ciis),iiis))ds + 2ia 

€i(-0 = Ci(«) = a: J — i 

Obviously, {||Cj(*)|| : t E is uniformly bounded for i > 0. Consequently, 

{||^j(t)|| : t £ is also uniformly bounded for each i, because of positive defi- 

niteness of L. Let 

h'^{x) = liminf hl{x), 

there exists a subsequence of ij such that h^g (x) — )• Obviously, h'^ keeps 

constant on on each Aubry class. By diagonal extraction argument we can find a 
subsequence of ^i- which converges C^-uniformly on each compact interval to a C^- 
curve 7: M — )• M. In this sense, 7: M — )• M is called an accumulation point of 
Clearly, each accumulation point is M semi-static and there is at least one 
accumulation point 71 with non-zero homology [71] ^ 0. 

Clearly, some a > exists such that > a holds for each g £ G and /i^ — )• 00 
as \g\ — )• 00. Thus, for each g £ G, there are finitely many accumulation points of 
i^i]} with non-zero homology, denoted by 71, • • • ,7^. Clearly X]j=i[7j] —9- As G is 
r-dimensional, at least r + 1 geometrically different minimal homoclinic orbits exist. 

Let us look at these homoclinic orbits from another point of view. For certain finite 
covering manifold, the lift of the Aubry set has several connected components (several 
Aubry classes). By a result in [CP] , these Aubry classes are connected by semi- 
static orbits. The projection of these semi-static orbits are nothing else but minimal 
homoclinic orbits. For a finite covering manifold tt : M — )■ M, the fiber 7r~^x contains 
finitely many points. For a simple curve (j)'- [0, 1] — ?• M such that 0(0) = (p{l) = x, 
there is a lift of (p such that 0(0) = xq £ 7r~^x. By monodromy theorem, 0(1) £ tt~^x 
is uniquely determined by its class [0] £ ■ki(M). Let 51,92, •• • ,9r be the generators 
of G, 01, 02, • • • , 0r be closed path so that [0j] = gi, 0i(O) = rc for i = 1, 2, • • • , r. If M 
is chosen so that 0i(O) = xq and 0i(l) 7^ 0j(l)! there will be at least 2r Aubry classes 
for this covering manifold. Among the semi-static orbits connecting different Aubry 
classes for the covering manifold, there are at least r + 1 orbits whose projection is 
different from each other. 

Let Gm C G he defined such that g £ Gm if and only if 3 minimal homoclinic orbit 
d'j such that [7] = g. We say that there are fc-types of minimal homoclinic orbits if 
Gm contains exactly k elements. 

Theorem 2.4. If M = T", Hi{M,A,Z) 7^ and A contains a set homeomorphic to 
T'-\ there are two types of minimal homolcinic orbits only. 

Proof. In this situation one has G = 'L. Each standard generator Cj £ ifi(T", Z) with 
i > 1 can be represented by a closed curve in A. Let g = fcei with A; > 1. If there 
is a minimal homoclinic orbits (7,7) such that [7] = g, there must be some points 
X = -f{to) £ A but (7(^0), 7(^0)) ^ A. 

As X G there is a unique vector v such that (x, v) £ A. Given any e > 0, there 
is static curve M — )■ M and si < S2 such that £,{sq),£,{si) are in e-neighborhood 



ARNOLD DIFFUSION IN A PRIORI STABLE SYSTEMS 



17 



of X, llC(so) — ^11 < llC(si) ~ ^11 < and the action along this curve is also small 

[MO\[so,s-,]] < 



Let r. 



to 



t- > 0, T+ 



t+ -to> 0, r+ 



So > and T2 



Sl 



s;f > 



be suitably small numbers. We join ^(t ) to ^(sq ) by the curve (i: [—t^ ,t^] — )• M 
which minimizes the action 



[AiCi 



inf 

c(r+)=e(s+) 



and join ^{s^ ) to j{t^) by the curve ^2^ [~'^2 ^'''2] ~^ ^ which minimizes the action 



m2 



inf 

C(r+)=7(t+) 



L{i{s),i{s))ds + {T+ + )a. 



We define a continuous curve 7': 



M by 



i{t) 



Ci(i-Ai), 

e(t-A2), 

C2(i-A3), 
7(t- A4), 



t G (—00, t ], 

t- Ai G [-rf ,T+], 

t- A3 G [-r2-,r2+], 
t - A4 G [t+,oo), 

s;t, A3 



where Ai = t~ + rf , A2 = + rf + rf - s^j", A3 = + rf + rf - + sf + T2 
and A4 = t~ + rf + rj^ — Sfj' + sf + rg" + r^ — t"*". By exploiting the curve shorten 
lemma in Riemannian geometry as did in |Ma2| we find that 

if C(so) = = 2; and ^(sq) = = v / ^{to). As x G ^, (C(so), ^(•so)), 

(^(•si)) C('Si)) can be arbitrarily close to {x,v) by choosing suitable sq and si, this 
inequality still hold in our case. Note that the quantity [^(C)l[so,si]] can be arbitrarily 
close to zero, we see that 

[^(7)l[t_i,ii]] > [^(7')l[t-i,ti+A4]] 

if t_i < t~ and ti > t"*". Clearly, we have [7'] = [7]. This contradicts the fact that 
7 is minimal. On the other hand, from Theorem 12. 3| we obtain the existence of 2 
minimal homoclinic orbits. This completes the proof. □ 



In general case, Gm may contains infinitely many elements. Whether Gm is finite 
is closely related to the sequence of action along these minimal homoclinic orbits. For 
each 5 G G, we define 

hg{x,x)= inf / L{^{s),i,{s))ds + ka. 
«(o)=«(fc)=x 7o 

«eci,[e]=9 
h'^{x,x) = liminf x). 

^ fc— >oo ^ 

It is easy to see that h^{x,x) — )• 00 as \\g\\ — )• 00, which follows from the fact 
i?i(T'',^,Z) ^ that hf{x,x) > for any 5 7^ 0. If hf{x,x) remains bounded 
as \\g\\ —7- 00, there would be a minimal measure whose support is obviously not 
contained in A, but it is absurd. 
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If the Aubry set contains only one class, as a function of x, h'^ (x, x) keeps constant 
on the Aubry set. So it makes sense let /i^ = h'^{x,x) for x e A. Obviously, 

LOO ^ LOO I .00 

Proposition 2.4. If there is a infinite sequence {gi} C G such that 
then Gm contains infinitely many elements. 



The definition of h'^{x, x) can be extended hf^{x, x') for x 7^ x' . Recall the covering 
space 7f: M — >■ M = such that 7ri(M) = 7ri(C/), where U \s & open neighborhood 
of ^ C T'' such that Hi{M, U,M.) = Hi{M,AM). Let D = {x : Xi e [0, 1)} C W 
be the fundamental domain for T" and use the same symbol to denote its projection 
to M as well. For each closed path 0: [0, 1] ^ M, there is a lift (j): [0, 1] ^ M with 
0(0) G D. Note that the fundamental group of is commutative. Because of the 
monodromy theorem and tti{U) = 7ri(M), ^(1) € M is uniquely determined by the 
homological type [0] G i?i(T", ?7, Z). 

For a curve ^: [0, A;] — t- M with ^(0) = x, ^(fc) = x', we denote by ^ the lift of 
^ such that ^(0) G D. We say [^] = 5 if [0] = 5 holds for any closed curve such 
that the lift to M satisfies the condition that 0(0) G D and 0(1) = C(^)- Thus the 
following is well-defined: 

/•A; 

/ig(x,x')= inf / L(^(s),4(s))ds + to, 

?(0)=a: Jo 
£,(k)=x' 
[S]=S 

/i?'(x,x') = liminf /i^(a;,x'). 

Clearly, /i^(x, x') — > oc as H^H — > 00. Indeed, let .x, x' £ D such that ttx = x, ^x' = x', 
let (: [0, 1] — be a straight line such that C(0) = x', (^(1) = x and denoted by ^ 
the projection of ^ down to M, we obviously have that 

/i^+^(x,x)</i^(x,x') + [yl(C)] 
holds for each g. We thus verify the claim as [A{Q] is a finite number. 

Proposition 2.5. There exists positive number a > suc/i i/tai h^{x,x') > \\g\\a 
holds for each (x, x') G T*^ x T'^ and for sufficiently large \\g\\. 



Proof. If the conclusion is not true, for each small number > 0, there would be 
suitably large ki,Ti G N such that 

j^r—.hfix,x') < €i. 

By assumption, ki,Ti — )■ 00 as ej — t- 0. Let 7^ be the minimizer realizing the quantity 
/i^'(x, x'), let iii = (7,7)*fj where is a probability measure evenly distributed 
on the interval [0, Tj]. By the weak*-compactness, some probability measure /i and 
subsequence ij — >■ 00 exist such that fXi- — ^ fx. Clearly, /x is invariant for the Lagrange 
flow, / Ld/i = and p{ii) = Xg e Hi{M, U,M.). But it is absurd. □ 
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2.3. Globally elementary weak KAM solutions. For the configuration man- 
ifold T", each weak KAM solution is 1-periodic in Xi for i = 1,2,- --n, where 
(xi, X2, ■ ■ ■ , Xn) = X denotes the configuration coordinate. If a finite covering of T" is 
considered to be configuration space, weak KAM solution may not be 1-periodic for 
each coordinate. 

We assume that the minimal measure contains finitely many ergodic components 
fj-l, fJ-c,- " 1 IJ'T for each cohomology class, it is a generic phenomenon [BCj . In this 
case, elementary weak KAM solution for each /i* is well-defined. The lift of to 
a finite covering feT" may contain several connected components. For instance, if 
M C {\xi\ < 5} X T"'"^, then there are two connected components in the lift of Ai 
for 2T X T"^^. However, there are cases that the minimal measure is always uniquely 
ergodic for any finite covering manifold, an example is KAM torus. 

Given k = (ki,k2,--- ,kn) S with ki > 1 for each i = 1,2,- •• ,n, we define 
an equivalence relation ~a: in I^": we say x x' if Xj — = 2jki for some j E Z 
(i = 1, 2, • • • n). Clearly vrfci Mk = M"/ T" is a finite covering of T". In the 

following, we shall also use the symbols: TToo^k- IK" and tToo'. M" — )• T" to denote 

the projection. For a bounded domain C M", if the topology of iroc,k^ C is 
trivial, we use the same symbol to denote its projection Q := 7roo,fcf^- 

Let M.OO and A^^ be the lift of Mather set A( to the universal covering space as 
well as to Mfc respectively. The connected components are denoted by Moo,i and 
Aik,i correspondingly. Obviously, the unit cube D = [0, 1)" intersects finitely many 
connected components of Aioo, denoted by M.oo,i with i = 0, 1, • • • , m. 

Let = minj/ci, k2, ■ ■ ■ kn}- Some Rd > exists such that for any /c G Z" with 
dk > Rd, '^oo,k-M.oo,i / '^oo,k-M.oo,j holds for < i,j < m and i / j. In this case, 
we number Aik,i such that Mkj = T^oo,k-Moo,j for < j < m. Let u^j denote the 
elementary weak KAM for Mk,j with respect to the configuration manifold Mk- 

Lemma 2.1. For each bounded region Q C M", there exists Rq > such that for any 
k,k' G Z" with dk,dy > maxjiij^, i?/)}, 

ttfcjb = ^fc'jb + constant 
holds for each j = 0, 1, • • • , m. 

Proof. We only need to consider the case that the minimal measure is uniquely er- 
godic. If there are finitely many ergodic components, we obtain this result by per- 
turbing the Lagrangian so that it is uniquely ergodic and applying Theorem 12.11 

Each weak KAM solution for T" is a weak KAM solution for any Mk- If the 
lift of the minimal measure to any finite covering space is still uniquely ergodic, the 
elementary weak KAM solution remains the same. 

Let us consider the case that there are more than one connected component in 
Aifc with dk > Rd- Remember -Mkj = '^oo,k-M.oo,j for < j < m where -Mooj 
intersects the fundamental domain [0, 1)". Considered as a function defined in M", 
the elementary weak KAM solution u^j determined by J^kj is fcj-periodic in the i-th 
coordinate. Because of the definition of elementary weak KAM solution, a sequence 
of functions u7 ■ exists such that u7 ■ — )• nr • as e — )• 0, where u7 ■ is the weak 
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KAM solution for the Lagrangian Lk^e ■ TMk — )• M. This Lagrangian satisfies the 
fohowing conditions: 

1, it is the same as L when it is restricted on the tangent bundle of a neighborhood 
U of Mk,j, i.e. Lk^elru = L\tu; 

2, the minimal measure is uniquely ergodic whenever e / 0, supported on Mkj] 

3, Lfc^f — )• L as e — )• 0. 

Starting from each x G M^, there exists at least one backward semi-static curve for 
Lk,e, lk,x,e- (-00,0] with 7fc,x,e(0) = X. Clearly, ■Ka{d-fk,x,e) ^Mkj ^ 0. Let oo 
be the sequence so that 'Jk,x,e{—ti) — )■ xq S -^kj, let a stand for the average action, 
then we have 

(2.5) li^ (x) - (xo) = lim / Lk,e{d'yk,x,e{s))ds + tta. 



Let Dk = {x : Xi £ [—ki,ki)} C M" so that TToo,k'- D^. — t- is an injection and 
T^oo,kDk = ^k- Let X G Dk be the points such that iToo,k^ = x. Let ^k,x,e be the 
lift of ")k,x,e to the universal covering space so that 7fc,x,e(0) = ^- It is possible that 
TTa{d^k,x,e) n A^ooj / 0. The curve may approach to another connected component 
of A^oo. Let r2(i = {x : maxj \xi\ < d} d M". Note that L^^^ is a small perturbation 
of L. In virtue of Proposition 12.51 we claim that ^k,x,e approaches to TWoo.o provided 
X G £ is suitably small and d^ is sufficiently large. Let us assume the contrary, i.e. 
7fc,z,e approaches to another connected component of A^oo- In this case, || [vr/;7fc^j.^g] || 
would be sufficiently large provided d}. is sufficiently large. By Proposition 12.51 the 
action of L along iTklk,x,e 

lLid.k,kMt),t)dt>\\nk,k,A\a 

with a > 0. As L^^e is a small perturbation of L, the action of along iTklk,x,e 
would approach infinity as djt — t- oo. The absurdity verifies the claim. 

The set {7fc,x,e(0)} is compact as e — >• 0. For each accumulation point v, there is 
a subsequence of e — such that 7fc,a:,e(0) — )■ v. The initial value (x,v) uniquely 
determines an orbit {jk,x-,ik,x) of L. The curve ^k,x'- (— co,0] — )• Mk is a backward 
semi-static curve for L which may not approach to Mk,o- When e — t- 0, ")k,x,t may 
approach not only one but a family of semi-static curves for L including the curves 
connecting different connected components of Mk- More precisely, there might be 
several connected components M.k,io = Mkfl-, ■Mk,ii Mk^i^ and semi-static curves 
7jj+i of L for Mk (j = 0, 1, • • • ? — 1) such that 7ra(d7jj-|_i)nA^fc_j^. ^ 0, 7ra;((i7jj+i)n 
/ 0, '^oi{d'yk,x)^Mk,i, / and each -fj,j+i is approached by -ik,x,e as e 0. 
These curves have their natural projection down to T", denoted by the same symbol. 

We define the quantity Ai^: Mi x Mj — ^ M 

rk 

(2.6) [Ai^j{xi,Xj)] = inf / L{d'y{s))ds + ka. 

Jo 

feez_|_ 

By definition of weak KAM, for almost every point x, {x , dxU'j^ ^{x)) uniquely deter- 
mines a backward semi-static curve ^k,x,e- Since this semi-static curve approached to 
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several curves: ^k,x,t — ^ 7i,2 * • • • * 7j-i,j * lk,x we obtain that 

(2.7) li^Q(x) - n^g(xo) = lim / L{d-ix{s))ds + Ua 

l-l 

where — oo is a sequence such that jk,xi—ti) — )■ Xj G ■M.k,-Hi ^ -^fc.ij- 

From the argument above, we can see the fohowing. For each x G f]^, the backward 
semi-static curve 'yk,x,e approaches to Akfl provided is sufficiently large. For differ- 
ent k,k' satisfying this condition, 'yk,x,e and 'jk',x,e may converge to different curves, 
7fc,x,e 71,2 * • • • * * lk,x and -ik',x,e ^ 71,2 * • • • * * ik,x as e ^ 0. But the 

action of L along 71,2 * • • • * 7j-i,i * ^k,x is the same as along 2 * • • • * * I'k x- 

Indeed, let k be an integer vector divisible both to k and k' , i.e. k = mk = m'k' for 
m,m £Z. We consider the lift of 'yk,x,e as well as ^k',x,f, denoted by ^k,x,e and ,x,€ 
with 7A;,x,e(0) = 7fc',x,e(0). The action of Lk^e along ^k,x,e is almost the same as the 
action of Lk'^e along "fy ,x,t as the perturbation is sufficiently small. Thus, we obtain 
from the formula 12.71 that 

Uk,o\n = Wfc',ob + constant 
if both dk and dy are sufficiently large. □ 

Definition 2.2. The function Ui : M" — t- M is called globally elementary weak KAM 
solution for A4.oo,i if for each hounded domain C M", there exists Rq > such that 
for any k G with dk > Rn, 

Uk,i\n = Ui\Q + constant 
holds for each elementary weak KAM solution Uk.i- Mk — )• M for Mk.i- 

From Lemma 12.11 we obtain the existence of a globally elementary weak KAM 
solution for each A^oo,j- 

To investigate the properties of globally elementary weak KAM solution, let us 
consider a special case first, i.e. the Aubry class contains a set homeoniorphic to 
T"^^. In this case, each ^00, i divided M" into two parts, denoted by R' and R^. 

Theorem 2.5. If the Aubry class contains a set homeomorphic to T"""*^, then the 
globally elementary weak KAM solution uf : M"" — t- M has a decomposition 

uf = vf+wf, 

where vf is periodic and wf is affine when they are restricted in the half space R^ 
as well as in another half space R~ . 

Proof. We only need to consider the case that the minimal measure is uniquely er- 
godic, as we did in the proof of Lemma 12.11 According to Theorem 12.41 there are 
exactly two types of minimal homoclnic orbits to A, we pick up two representative 
elements 7_, 7+: M — )■ T". Let 

h± = liminf / L{dj±{t),t)dt + (tr + tf)a, 

where tf is chosen such that ^±{tf) — )■ and 7±(— 1~) — )■ 0. 
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As the Aubry class is co-dimension one, we are able to number all connected 
components by (i = • • • — 1, 0, 1, 2, • • • ) such that any path from Ai-i to Ai+i must 
pass through Ai. Denote by Ilj the strip bounded by Ai and Ai+i. Aq separates M" 
into two parts, denoted by D~ and such that A-^i C D~ and C D~^. 

Let 7-1- denote the lift of 7-1- to M" such that 0(^7-1-) C ^00, o- Thus, we have either 
uj{d%_) C Ak-i and u;{d%^+) C Ak,i, or u}{d%^+) C Ak-i and uj{d^k-) C Ak,i- 
We only need to study one case, let's say, the first case. 

Given a bounded domain C M". From the definition of globally elementary weak 
KAM solution, we see that 

Uo\n = u^Jn 

whenever dk is suitably large. Clearly, it is periodic when it is restricted H Ilj, i.e. 
% o(^) ~ '"fe o(^') if 2;' — x G and x,x' £ QCi Ilj. 

For each x G $7 n Ilj with z > 0, there exists at least one point xq £ Q Ci Hq such 
that X — xo £ Z". By definition, we find that u'^q{x) = u^Qixo) + ih+. Obviously, 

""fc o(^) ~ ""fe 0(^0) + (1 + 0^- if X G n Ilj with i < 0. 

Pick up a point xq G ^oo,o- For each non-zero integer vector k G Z", the point 
X = xq + k stays in certain Aoo,i- Along the ray x = xq + tk with t > 0, we define 




Uq (x) — Uq (xq) — ti/i-f, if « > 0; 
(x) — Uq (xq) — ti/i- , if i > 0, 



Clearly, Uq — Uq is affine and Vq is periodic when they are restricted in D as well 
as in . □ 



Given an ergodic component of a minimal measure with higher co-dimensions, it 
is unclear what condition guarantees the decomposition of the globally elementary 
weak KAM solutions. It appears closely related to the problem whether there are 
infinitely many types of minimal homoclinic orbits to the Aubry class. 

Proposition 2.6. Let uf he the globally elementary weak KAM solution for M.i. 
Then, for g G Hi{Ai,7j) uf remains bounded on the whole ray {xq + tg : t £ 
where Ai D M.i is an Abury class; for g G Hi{M,A,'Z)/K, uf grows up linearly, or 
asymptotically linearly on the ray {xq + tg : t £ 



Proof. For arbitrarily large t, there exists x G Moo.i such that dist(xo -|- tg,x) < 2 
and M.oo,i Ci D ^ where D is the unit cube containing the origin. Let x* = vTooX, ^ 
be a curve connecting x* to x, ^ = tToo^, then [^] G Hi{A,Z). By definition, 

/•k 

inf inf / L(de(t),t)dt = 

mm{A,Z) C(0)=«(fc) Jo 

it proves the first conclusion. 

For the second, one can see from Proposition 12.41 that it grows up at least linearly. 
Given g G Hi{M,Ai,'L)/K finitely many elements go,gi,--- ,gr G ifi(T",Z) exists 
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such that for each g = X^[_)_o Jiffi with jj G Thus, 

r 

h^{x,x)<J2jihTA^^^)- 

i=0 

For each tt^oX G Mi, [x — x*] = g, we have 

u{x) - u{x*) = /i^(7rooa;,7rooa;). 
This completes the proof. □ 

3. Dynamics around fixed point 

Given a ToneUi Lagrangian L: TT" — >■ M, let cq = argmino;. Any minimal measure 
with zero-rotation vector must be co-minimal measure. In this section we study the 
dynamics around the Mather set for the class cq. The motivation comes from following 
argument. 

Let us consider the normal form of a nearly integrable Hamiltonian 

H(j>, q) = h{p) + eP(p, q), {p, q) eW" X T''. 

around a complete resonant point. Let Lo{y) = Vh{y) denote the frequency vector 
of the unperturbed system. A frequency u is called complete resonant of (minimal) 
period T if To; G Z'^ and too ^ for each t G (0, T). By finitely many steps of KAM 
iteration and one step of linear coordinate transformation on torus, one obtains a 
normal form of nearly integrable Hamiltonian (see Appendix A) 

H(x, y) = h{y) + eZ{x, y) + eR{x, y) 

where x = {x,Xd), y = {y,yd), {x,y) G T*^^^ x M"^"-^, H is well-defined in {x,y) G 
T'' X Bd{y*), dh{y*) = {0,ujd) and eR is a higher order term. 

Since dy^h{y*) = / 0, there exists some function G{x, y, r) solving the equation 
H{x,—r,y,G{x,y,T)) = E provided E > mina^, which defines a time-periodic 
Hamiltonian system with n-degrees of freedom. Here r = —Xd plays the role of time. 
Clearly, one can write 

G{x, y) = h{y) + eZ{x, y) + eR{x, y, r) 

where eR is a higher order term of e and dh{y*) = 0, i.e. the complete resonance 
reduces to zero frequency. Omitting the higher order term, one obtains Hamiltonian 
with d degrees of freedom 

G{x,y) = h{y) + eZ{x,y). 
It determines a Lagrangian we shall study in this section. 

3.1. Flat of the a-function. By definition, a subset is called a flat of certain a- 
function if, restricted on this set, the a-function is afHne, and no longer affine on any 
set properly containing this set. As a-function is convex with super-linear growth, 
each flat is a convex and bounded set. Given an n-dimensional flat F, a subset in d¥ 
is called an edge if it is contained in a (n — l)-dimensional hyperplane. Since flat is 
convex, edge is also convex. 
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Theorem 3.1. Given a class cq G i7^(T"',M), if the minimal measure is uniquely 
ergodic, supported on a hyperbolic fixed point, then there exists an n-dimensional flat 
Fq C -ff^(T",R) such that this point supports a c-minimal measure for all c G Fq. 



Remark: The condition of this theorem does not exclude topological non-triviality 
of the Aubry set. An example is the product of n pendulums. The Aubry set covers 
the whole torus T'^ if the Lagrangian L is replaced by L — (c, x) with c being on the 
boundary of the flat. 



Proof. By translation one can assume that the fixed point is at {x,x) = (0,0), by 
adding a closed 1-form and a constant to the Lagrangian, one can assume cq = and 
L(0, 0) = 0. In this case, for any finite T > we have 



^^^t/(^)= , i"^^ mf L{dj{t))dt>0, 

T)=7(T) 7(-T)=7(T) J 



7(-T)=7(T) 

otherwise, there would be another minimal measure. 

To each closed curve ^: [—T, T] — t- T"" with ^(— T) = ^(T) a first homology class 
[^] = h G i?(T",Z) is associated. We consider the quantity 

^(/i) = liminf inf [ L{d(,{t))dt > 0. 

T-s>oo 5(-T)=5(T) J_rp 

There exist at least n + 1 irreducible classes hi £ i/(T", Z) and n + 1 minimal homo- 
clinic orbits dji such that ^([/ij]) = A{'yi) [Belj . Clearly, i/i(T",Z) can be generated 
by the homology classes of all minimal homoclinic curves over Z+. 

We abuse the notation h to denote homology class h £ i/i(T",Z) or to denote a 
point h G Z". For each curve jt- [-T,T] M" with "yri-T) = and 7r(r) = h, 
Clearly, 

T 



y4(/i) = liminf inf / L{d^{t))dt. 



e(T)=h 

Recall the definition of elementary weak-KAM and note that the point j; = is the 
support of the minimal measure. Let Uq (uq) denote the backward (forward) globally 
elementary weak-KAM based on the set {x = 0}, we have 

A{h) = u^{h) - no (0), A{-h) = 4(0) - u+{h). 

By setting Ug (0) = u^(0), we claim 

(3.1) A{h)+A{-h)=UQ{h)-u^{h)>Q. 

The quantity A{h) is achieved may not by a curve connecting the origin to /i G Z", 
but may by the conjunction of several curves 71*72*- • •*7m- Let 7j: M — )• M" denote a 
curve (i = 1, • • • , m), the conjunction implies that 7j(— 00) = 7j_i(oo). Let 7^ = 7r„7i, 
where 7r„ : M" — )• T" denotes the standard projection. In this case, 71, • • • ,7m are 
minimal homoclinic curves such that h = X^^i[7j]. By the definition of elementary 
weak-KAM, each 7, is a (ug , L)-calibrated curve. Let hi = X^}=i[7j]- Obviously, 
some large to > exists such that (7j(t), 7i(i)) stays in the local stable manifold of 
(/ij,0) whenever t > t^. Therefore, some constant exists such that 

(3.2) u^{^i{t)) = uU^i{t)) + Ci, Vt>to, 
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where we use u^, and u'^, to denote the globally elementary-KAM based on x = hi. 
Clearly, n^. and u^, generate local stable and unstable manifold around the point 
(x,x) = (/ij,0) respectively. 

Because that n^. is L-dominate function, for suitably small 5 > 0, the following 
holds 

for X G Bs{hi) (see Theorem 5.1.2 in [Fa2j). Remember that Uq > u^. If 

A{h) + A{-h) = u^ih) - u^ih) = 0, 
one obtains from p.2p that some to exists such that 

'"o'(7m(*)) = Wo (7m(i)), yt>to. 

Since Uq is an L-dominate function and 7j is a (ug , L)-calibrated curve for each 
1 < i < m, 

rto 

Uq ili{to)) - Uq i^iih)) < / L{dji{s))ds, 

Jti 

(7i(io)) - (7i(*i)) = / L{dji{s))ds 

Jti 

hold for any ti < to- This induces u^(7m(t)) = ii([(7m(t)) for all t G M, and induces 
in turn the inequality for i = m — l,m — 2, ■ ■ ■ , and finally we have 

no(7i(t)) = n+(7i(t)), V t G M. 

Since Uq (x) > Uq{x) holds in a small neighborhood of 

uoiliit)) = u+mt)), VtGM. 

On the other hand, as the fixed point {x = 0} is hyperbolic, some S > exists such 
that 

Uq{x)-u^{x)>0, y X £ Bs{0)\{0}, 
if we set (0) = Uq{0). This contradiction proves the formula (j3.ip . 

Let 

Go = {/i G ifi(T",Z) : 3 7 : M ^ T" s.t. [7] = h, ^(7) = 0}. 

Go is said to generate a rational direction /i G over if there exist k, ki G Z_|_ 
and hi G Gq such that 

kh = /ci/i-i- 

It is an immediate consequence of the formula p.lh that once Go generates a ratio- 
nal direction G over Z_(., then it can not generate the direction —h over Z_|_. 
Therefore, the set 

spanjg^Go = {Saj/ij : hi e Gq, ai > 0} 

is a cone properly restricted in half space. Thus, there exists an n-dimensional cone 
Co such that 

(c, h) > 0, V c G Co, h G spanjg^Go. 

Since the minimal measure for zero cohomology class is supported on the fixed 
point, AA(0) is composed by those minimal homoclinic orbits along which the action 
equals zero. According to the upper semi-continuity of Mane set in cohomology 
class, any minimal measure is supported by a set lying in a small neighborhood 
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of these homoclinic orbits provided |c| is very small. Consequently, we have p{nc) £ 
spanjg^Go, where p{nc) denotes the rotation vector of fic- 

Let us consider a cohomology class c such that — c G Co and |c| <^ 1. We claim that 
the c-minimal measure is also supported on the fixed point. Indeed, if it is not true, 
we would have positive average action of L: A(pc) > 0, since the minimal measure 
for zero class is assumed unique and supported on the fixed point. From the choice 
of c we see that {c, p{fic)) < 0. Thus, one obtains 

Acipc) = A{fic) - {c,p{pc)) > = Acin), 

it deduces absurdity. For this c, the action of the Lagrangian Lc = L — (c, x) along 
any minimal homoclinic curve 7 is positive, 

^(7) - (c, H) > 0, 

namely, the Aubry set for this class is also a singleton. Consequently, pc' is also 

supported on this point provided c' sufficiently close to c. This verifies the existence 

of an n-dimensional flat. □ 

Eigenvalues of the fixed point 

Let us consider the eigenvalues of the fixed point by assuming the hyperbolicity, 
denoted by Aj (i = 1, 2, • • • , 2k). Under the hyperbolic assumption, half of these have 
positive real part, other half have negative real part. In general, these eigenvalues 
may have non-zero imaginary part. But in nearly integrable systems, all eigenvalues 
are real. 

Proposition 3.1. // the Lagrangian is a small perturbation of integrable one L = 
i{x) + eP{x,x) where i is positive definite in x, then for generic P and for sufficiently 
small e, all eigenvalues at the fixed point are real and different. 

Proof. Let A = d^^L, B = d^^P, C = d^^P evaluated at the fixed point. As the 
minimal measure is supported on a fixed point, C is positive definite. We consider the 
linearized equation and assume the solution with the form of x = ^exp^/eAt, then 

(3.3) \x^A-^e\{B-B')-C\^^^ = ^. 

Let Aq = d].^i, evaluated at the fixed point. For generic C, all solutions of the 
equation 

(3-4) \X'Ao-Cl^, = 0. 

are real and different from each other: A = itAi, ibA2, • • • ,±Afc, Aj 7^ Xj if i ^ j. 
Since (|3.3p is a small perturbation of (j3.4p . all solutions of (|3.3p are different, and 
consequently, real. If there was a complex solution X = a + iuj, itcj it iuj would 
be solution also, which is guaranteed by the Hamiltonian structure. It implies the 
existence of more than 2k solutions, the absurdity induces the proposition. □ 

The shape of the fiat 

Here, we are concerned about the flat Fq = ^/^(O). It is a n-dimensional flat if 
the c-minimal measure is supported on the hyperbolic fixed point for each c G intFo. 
By coordinate translation, we assume it is at the origin: {x,x) = (0,0) = {x,y). Let 
i^t^vt) denote the eigenvector for itAj, where is for the x-coordinates, r]f is for 
the y-coordinates. We assume 
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1, all eigenvalues are real number and different; 

2, all minimal homoclinic curves approach to the fixed point in the direction as 
t — > ^oo. 

The condition 1 is obviously generic. To see the genericity of the condition 2, let 
us remind reader that there is, generically, at most one minimal homoclinic curve for 
each homology class. By further perturbation, it approaches to the fixed point in the 
direction of Since there are countably many homology classes, the genericity is 
obtained. 

For > and ^ e M"'\{0}, we define a cone 

C{C,0) = {xeR-:\{x,O\>OmM}, 

and let 

C{^,9,d) = {xe C{^,e) : \\x\\ = d}. 

Proposition 3.2. Assume that {x,y) = (0,0) G {H-^{0)} is a hyperbolic fixed point 
for <1>^, where all eigenvalues are real and different: 

Spec{JVH} = {±Ai, • • • , ±A„; < Ai < • • • < A„}. 

Let i^i^jTlt) denote the eigenvector for =bAj, where is for the x- coordinates, "qf is 
for the y- coordinates. Let (x{t),y{t)) C {H~^{0)} be an orbit such that x{t) passes 
through a ball 5^(0) C M", x{-T) e dBsiO), x{T) G ^^^(O) and x{t) G mtBs{0) for 
all t G {—T,T). Then, for suitably small 6 > and 9 = ^, there exist sufficiently 
large Tq > such that for T >Tq one has 

Proof. Without losing of generality we assume that the fixed point is at the origin. 
By certain symplectic coordinate transformation, the Hamiltonian is assumed to have 
the normal form 

i=l 

where P = 0{\\{x,y)\\^) is a higher order term. By the method of variation of 
constants, we obtain the solution of the corresponding Hamilton equation 

(3.5) x,{t) =e-''\bi + Fr) + e^^\bt + F+), 

y,{t) = - \e-^^\bT +Fr) + A,e^>*(6+ + F+), 

where 5^ are constants determined by boundary condition and 

K =^ £ e^'\^^^y.P + d^T){x{s),y{s))ds, 

Ft~j\-''%Xidy^P-d,^P){x{s),y{s))ds. 

Substituting (x, y) with the formula (|3.5p in the Hamiltonian we obtain a constraint 
for the constants bf: 

n 

(3.6) H{x{t),y{t)) = -2Y,X}b.bt + P((6+ + bT),\{b+ - br)) 

1=1 
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Let us estimate the size of the constants cf by the boundary conditions x{T) = 
{xf,X2, • • • , x^) G dBs{0), x{—T) = (x^, X2 , • • • , x^) G dBs{0) and assuming 

(3.7) min{|xj;|,|x+|} > -. 

For suitably small 9 > 0, {x{-T),x{T)) £ C{(,Y,0, 5) x C{(,f,e, 5) implies ([Ml) holds. 
Since the fixed point (x, y) = is hyperbolic, the curve given by ()3.5p stays entirely in 
the ball .65(0): x{t) G mtBs{0) provided t G {—T,T) with suitably large T > 0. Since 
the curve x|[_tt] stays inside of the ball Bs{0) and T is sufficiently large, the orbit 
{x,y)\[_x^T] stays near the stable and unstable manifold of the fixed point, i.e. it stays 
in -65(0). Note P = 0(||(x,y)|p), we obtain from the theorem of Grobam-Hartman 
that 

^7 =Ke^^^ + b+e-^^^ + 0(5), 
4 =b-e-^^^ + bfe^^^ + o{5). 
for sufficiently large T > 0. In this case, it deduces from the assumption (13. 7p that 

111-3 

and 

\bf\ < 26e~^'^, V i = 2,--- ,k. 

Since Ai < Aj for each i > 2, \bf\ <C \bf\ if T is sufficiently large. In this case, we 
obtain from p.6p that 

\H{x{t),ym > |A?6+6r| >0. 

It contradicts the assumption that {x{t),y{t)) £ {H^^{0)}, thus completes the proof. 

□ 



This proposition tells us a fact: in the energy level {H ^(0)} there does not exist 
such an orbit passing through Bs{0) in the direction close to 

Theorem 3.2. Let Fq = ^/siO) be an n- dimensional flat of the a-function. Each 
minimal homoclinic curve 7 is assumed approaching to the fixed point in the direction 
of the eigenvectors corresponding to the smallest eigenvalue 

*-±-ii7(t)ii 

and all eigenvalues are assumed real and different. It is also assumed that, for each 
c G Fq {including the boundary), the minimal measure is uniquely supported on a 
hyperbolic fixed point, then, there are only finitely many homological types of minimal 
homoclinic orbits, namely, a finite set 

-ffpo = {hi,h2, • • • , hm} 

exists such that [7] G Hf^ provided ^ is a minimal homoclinic curve. Consequently, 
the flat Fq is a polygon with finitely many edges, denoted by Ei, • • • ,Em such that 
A{c) is composed by minimal homoclinic curves with homological type hi if c is in the 
interior o/Ej and 

{c-c',hi) = 0, y c,c' eEi. 
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Proof. As the minimal measure is uniquely ergodic and supported on a point for each 
class in Fq, what could be contained in the Mane set are homoclinic orbits and the 
point itself. 

We claim that the Mane set contains at least one homoclinic orbit for each c G d¥o. 
Otherwise, for some class c' ^ Fq with ||c— c'|| being small, the homology of the Marie 
set is trivial, the same as that for c. It is guaranteed by the upper semi-continuity 
of Maiie set in cohomology class. In this case, we have {c,p{nc)) = {<^,p{l^'c)) = 0) 
consequently, 



On the other hand, we have a{(/) > a{c) as d ^ Fq. The contradiction verifies our 
claim. 

Conversely, it is obvious that each minimal homoclinic curve 7 stays in certain 
Aubry set: 



where the limit is in the sense of Hausdroff and represents the Fenchel-Legendre 
transformation Hi{M,'R) H^{M,'R). 

If H^g contains infinitely many elements, there would be infinitely many minimal 
homoclinic curves 71, 72 • • • 7fc • • • such that [7^] 7^ [7^] provided i 7^ j. Thus we have 
two possibilities. 

1, a neighborhood -Bd(O) of the fixed point exists such that each minimal homoclinic 
curve 7 hits dBd{0) exactly twice, i.e. 3 t~ < such that 7(i) G -6^(0) for all 

t G {-00, t-] U [t+,00) and -f{t) ^ 5^(0) for all t G 

2, for any small d > 0, there are infinitely many minimal homoclinic curves 
liijli2"' with different homology classes which pass through the sphere dBd{0) 
in finite time, i.e. 3 t~ < < < such that j{t) G Bd{0) for all t G 
(-0C. t"] U [to ,to] U and jit) ^ Bd{0) holds for some t G (t~,to) ^ ^^^^ 
as for some t G {t^, f^). 

Let us study the first possibility. Denote by t~ < tf the time when the minimal 
homoclinic curve 7.^ hits the sphere 95^(0). For each ^i, there is a segment 7i|(-j- 

staying outside of -Bd(O). Each d'yi\^^- generates a probability measure /Xj on TT'^ 
such that 



holds for each continuous function /. As all these curves have different homology 
class, ||[7i]|| ^ 00 as z ^ 00. Note the speed along all these curves are uniformly 
bounded, we have 



Denote by q G SWq such that 7^ stays in the Aubry class for q and let c* G OYq 
be an accumulation point of {q}, then some c*-minimal measure /x* exists such that 
IJLi ^ H*. Obviously, n* is not supported on the fixed point, and it contradicts the 
assumption that the minimal measure is always uniquely ergodic for each c G Fq. 



Uteffi7(i) C A{c), 



VcG lim^^(^[7]) cFo. 




\4 - I ^ 



as z — >■ 00. 
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Let us study the second possibility. In this case, for suitably small 6 > 0, there 
would be an infinite sequence of homoclinic curves 7i and correspondingly the se- 
quence of time t~ < tf such that 7i(t) G ^^(O) for each t £ [ti^ ,tf], 7j(i^^e) ^ -B<5(0) 
and \tf — — )■ CO as i — >• oo. By using Proposition 13.21 we find that some 6 > 
exists such that one of the inequalities in the following holds for each i 



(3.8) 



iiit'i 



\Mt-)\\ Ut 



> 



Mtt)\\ IIC 



> 



provided i is sufficiently large. It implies that there exists some minimal homoclinic 
curve 7 as well as some eigenvector or ^^t, with ki ^ 1 and ^2 7^ 1 such that at 
least one of the following holds 



lim 



lit) 



II7WII lie 



lim 

t— >oo 



i{t) 4i 



iitWII lie 



fcll 



But this contradicts to the condition. Therefore, H-^^ contains finitely many elements 
only. 

Let 7, 7' be two minimal homoclinic curves contained in the Aubry set A{c), -^(c') 
respectively. Let F = {^c + (1 — ^)c' : € [0, 1]}. If T intersects the interior of Fq, 
then [7] 7^ [7']. Indeed, by definition we have 

^(7) - (c, [7]) = 0, ^(7') - (c, [7']) > 0; 
^(7')-(c',[y]) = 0, ^(7)-(c',[7]>>0, 

it follows that ^(7) = ^(7') provided [7] = [7']. Consequently, 

= C(vl(7) - (c, [7])) + (1 - 0{A{i) - (c', [7']» 
= ^(7)-(ec+(l-e)c',[7]> 

= ^(7')-(Cc+(i-ey,[7']>. 

On the other hand, the Aubry set for each class in the interior of Fq contains the 
fixed point only. The contradiction implies that [7] 7^ [7']. 

This deduces that Fq is a polygon with exactly m edges, each edge corresponds to 
exactly one homology type of minimal homoclinic curve. □ 



Recall 3Fo is a topological sphere with n — 1-dimension. If there is an (n — 1)- 
dimensional open disk c Fq where all conditions in the last theorem hold, then 

from the proof of the theorem, one can see that, for any small (5 > 0, the conclusion 
of that theorem holds in U^~^ — 6. 



3.2. Modulus of continuity in terms of energy. Let 70 be a minimal homoclinic 
curve approaching to the fixed point in the direction of corresponding to the 
smallest eigenvalue =bAi, let Eq be a sub-flat of Fq. In this subsection we assume that 

1, for each c G Fq, the Mather set contains exactly one fixed point {x,x) = (0,0); 

2, for each c G mtEo, the Aubry set consists of the fixed point and the minimal 
homoclinic curve A{c) = UtgK7o(t) U {0}; 
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3, there exists a sequence of positive numbers > with — )• as « — )• oo such that 
some ergodic minimal measure fii exists such that pim) = i^i[yo], and .4(c) = M.{c) 
for each c E ^/3(i/j[7o]). 

By definition, there exists an elementary weak KAM for each /Xj. It is uniquely 
related to the energy Ei = 0(^/3 (i/j [70])). The main purpose of this section is to 
study the modulus of continuity of some functions in terms of energy at -E = 0. 

Dependence of the average speed on energy. 

According to Birkhoff's ergodic theorem, there is an orbit dQ: M — )• T" of (p^j^ such 
that 

^^(OI[-T,T]) ^ Ail,,), ^{Q{T) - a-T)) ^ pii^i) 

as T — )• 00. Where Q stands for a lift of Q to the universal covering space. By 
the upper semi-continuity of Mane set, the curve Q passes through the ball Bs{0) 
infinitely many times provided fj is suitably small. Denoted by tff^ and the time 
when (i enters and departs the ball respectively, i.e Ci{t) € Bs{0) for each t G [ti~k^^7k\^ 
Ci{tfkTS)^Bs{0). Clearly, 

\^i,k ~ ^tk\ ~^ ^ ~^ 0- 

If (i is a periodic curve, there is some U > such that tfj^^i = t~j, + tj holds for each 

Let t~^,t~ E M such that the minimal homoclinic curve 70 enters ^^(O) at t = 
and goes out of ^5(0) at t = t~ . By the upper semi-continuity of Mane set one has 

(C.(ii),6(ti))^(7o(i^),7o(t^)). 

Since each minimal homoclinic curve approaches to the fixed point in the direction 
corresponding to smallest eigenvalue, 



(3.9) 



^ 4 



\mtk)\\ 

holds provided 5 > is suitably small and — is suitably large. 

Each segment 01++ t- 1 is of course a solution of the Hamilton equation. In the 

\-''i,k'''i,kl 

coordinates of normal form, it is given by Eq. (13. 5[) and the integral constants 
satisfy the constraint (j3.6p . The condition (|3.9p induces 

^LSe'^iKk-ttkl/^ < |5±| < 2^e-^^l*»^^-<^l/=^. 
2 - I 1 I - 

For small 6 > and sufficiently large — tfj^\, we have 

\bf\ < 2<5e"^^'l*^fc"*tfel/^ V j = 2, • • • ,n, 

|P((&+ + bj), \j{b+ - bj))\ < aie-=^^^l*^^-*t^l/' 

where the constant oi depends only on the function P itself, the constant bj is in- 
troduced in Eq. (l3.5|) as integral constants to determine the solution of certain ODE. 
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Thus, we obtain from (I3.6p that 



>iA?<^2g-^l|t-,-t+,|_8^^2^2g- 



aie 



-3^ll*Zfe-<fel/2 



i=2 



\ \ 2 r2 -All*- , I 

>-Atc) e ' 
~4 



provided > is suitably small and \t^f^ — t'^^\ is sufficiently large. Under the same 
condition, Ei is obviously upper bounded by 



Ei 



'^Y.^Ptb- + P{{bj + bj), A,(6+ - 67)) 



Therefore, we find the dependence of speed on the energy 



J/2 



12 



(3.10) 

where Tj^fc is uniformly bounded for each k £ Z: 

-^(21nAi -21n2) < ^ < -^(21nAi +31n3). 

Ai ' Ai 

Obviously, t'^j.^i — t^^ — t~ as i — )• c«, some £"0 > exists such that 

\{t-^-n< t+,^, - tr, < 2{t+ - t-), if E, < Eo. 
Consequently, one has 
(3.11) 

where tq = ^| ln9Af | + 2{t+ -t'). 



- -^\ln5-'E, 

Ui Al 



<T0 



3.3. Around the two-dimensional fiat. In this section we restrict ourselves to 
the special case that k = 2. The task of this section is to study the structure of 
the Mather sets as well as of the Mane sets in a neighborhood of the resonant point. 
Under the coordinate transformation (jA.lOp . it corresponds to a fixed point. 

Recall that the Aubry set for one cohomology class is a Lipschitz graph over the 
configuration manifold jMa2j . Because that the manifold is two dimensional, each 
orbit in the Aubry has to be parallel to any other orbit in the support in the sense 
that these curves do not intersect each other. On the other hand, for autonomous 
system, (3{Xlj), regarded as the function of A G M, is differentiable at each A / (see 
[Ms] ) . Thus, we have 



Proposition 3.3. Assume that L is an autonomous Tonelli Lagrangian defined on 
T^. For each non-zero rational vector, the Mather set consists of periodic orbits with 
the same rotation vector. 
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Each minimal measure with zero-rotation corresponds to the minimum of the ol- 
function. There are two nondegenerate cases for the set of minimal point, denoted by 
Fq C i?^(T^,M). We call a case nondegenerate if it persists under small perturbation. 

1, Fq is a two-dimensional flat. Typically, for each class in the interior of Fq, the 

minimal measure is supported on a fixed point, or a shrinkablc periodic orbit (7,7), 
i.e. [7] = 0. This fixed point (periodic orbit) is of hyperbolic type. 

2, Fq is one-dimensional. Typically, the minimal measure is supported on two 
periodic orbits (7_,7_) and (7_|_,7_|_) with the property: 

[7-]/||[7-]|| = -[7+]/||[7+]||- 
Both orbits are non-degenerate, i.e. hyperbolic. 

Fq can not be a singleton, since the /? function can not have a two-dimensional 
flat when the configuration space is two-dimensional torus and the Lagrangian is 
autonomous. 

Let us study the first case. We assume that some cohomology class cq is in the 
interior of Fq, the point (x, x) = (0, 0) supports the minimal measure. Clearly, A{c) = 
{0} holds for each c G intFQ. The study is similar if it is supported on a shrinkable 
closed orbit. 

Given the a as well as /3-function, let us recall the Fenchel-Legendre transformation 
^13: Hi{M,R) H^{M,R) is defined as 

^^(a;) = {c:a(c)+/3(a;) = (c,a;)}. 

Let 

d*¥o = {c e d¥o : M{c)\{xo}^0}, nv,=^^\d*¥Q), 
it may be non-empty. Let us give an example: 

1 

L = -xl + —xl + Vix) 

where |A| ^ 1, the potential satisfies the following conditions: x = is the only 
minimal point of V; there exist two numbers d> d' > such that 

1 

V{y{s))ds > d 

holds for any closed curve 7: [0, 1] — ^ passing through the origin and [7] 7^ 0; 
restricted a neighborhood of circle X2 = a with a 7^ mod 1, V = d' + {x2 — a)^. By 
calculation, we find that OFq n {c2 = 0} = {ci = ±V2(F}. Indeed, 

1 A^ 1 

L ± cixi = -{xi± ci)2 + —xl -I- V{x) - -cj, 

thus, the Mather set for c = (ib\/2d', 0) is composed by a fixed point x = and a 
periodic curve x(t) = {xi^ ± V^t, a). 

Clearly, d*¥o is closed with respect to Fq. Each oj G r^Fo H Hi{T^,Q) determines 
unique A^, > and unique indivisible element g G i?i(T^,Z) such that u = Xi^g. Let 

fT 

/iT= inf / L(d^(s))ds, 
" m=i(T) Jo 

[«]=9 
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and 7J denote the minimizer of hj . For each g = X^^oj with u G f^Fo there exists 
Tg > such that Uigjo,T](7j(*)i 7j(^)) supports a minimal measure for certain c G 

//^(T^,]R)\Fo provided T < Tg and determines an ergodic minimal measure with 
rotation vector to for certain c G f?*Fo. 

If there exists a minimal homoclinic orbit (7, 7) such that [7] = g, the action of L 
along this curve would be 

[A(7)|k] = liminf/ij. 

Clearly, if there does not exist to G I^Fq such that g = X^^co, then 

lim inf = inf . 

For the co-homology class c G (?*Fo, the existence of infinitely many M- minimal 
homoclinic orbits has been proved in [Zhel IZolj . Along these orbits one get closer and 
closer to the closed orbit. Obviously, these orbits are associated different homologies. 
However, these orbits are not in Aubry set for any c G Fq. Indeed, the action along 
each of these orbits are positive: lim infr_j.oo /ij — (c, g) > 0. When Ofq = there 
are at least three minimal homoclinic orbits to the fixed point. With a minimal 
homoclinic orbit (^7: M — t- M, one can associate an element [7] G i?i(T2,Z). 

The existence of homoclinic orbit to some Aubry set is closely related to the exis- 
tence of certain flat. 

Lemma 3.1. Given c,c! G F, let c\ = Xc + {1 — X)c' . Then 

A{c)r\A{d)=A{cx), V AG (0,1). 

Proof. Using argument in |Msj . for any curve 7: M — )■ M, we have 

[A,.(7|,)] = A[A,(7|,)] + (1 - A)[A,,(7|7)], V / C M. 
The result is induced. □ 

Lemma 3.2. For each cohomology class, the Aubry set is assumed containing finitely 
many classes. Let Fq be a 2-dimensional flat, the Mather set is a singleton for each 
class in the interior o/Fq, let Ej be a sub-flat o/Fq, then 

A{c) 2 A{c) 

holds for c' G OFq (5E.j) and c G int¥ (intKi) respectively. 

Proof. Aubry set is upper semi-continuous in cohomology class if it contains finitely 
many classes for each cohomology [Be3]. For each c' G d¥o, some c* ^ Fq exists 
arbitrarily close to c'. Ai{c*) contains some points far away from xq. Let c* — )• c', we 
see A{c') 2 {xo}- 

Let us consider sub- flat Ej. If A^(c) contains only a point for c G Ej, the Aubry set 
would contains a homoclinic orbit d(. In this case, 3 fc^ — )• 00 such that ||C(~^i~) ~ 
C(A;+)|| ^Oand [^c(Clr_fc- fc+i)] ^0. Some other c G E^ if and only [Ag (dr.- .+,)] ^ 
0. It follows that (c — c, [(]) = 0. If M{c) contains an invariant curve in the same 
way we also obtain {c — c,[C,]) = if c G Ej. 

Let c' G 9Ej and c G intEj. Some other c* G 5Fo\Ej exists arbitrarily close to c'. As 
the line connecting c to c* passes through the interior of J-q, we obtain from Lemma 
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13.11 that A{c) n A{c*) consists of only one point. Clearly, we have (c — c* , [C]) ^ 0, 
otherwise, ( would be contained in A{c*) too. As c* is also on the boundary of Fq, 
there exists an invariant curve or a homoclinic curve C A{c*). We claim ^ [^]. 
Indeed, if dd^ is a homoclinic orbit and ^ is an invraint orbit with period T, we have 

L{dOdt-{c*,[C]) = 0. 



L{dC)dt - (c, [C]) = 0, 
If [C] = [C], we would obtain 



Consequently, as a(c) 



a c 



L{dC)dt^ / L{d^)dt. 

oo JO 

we would obtain either 

oo 

LidC)dt-{c*,[C]) <0, 



or 



T 



L{dOdt - (c, [e]) < 0. 



But it is absurd. Therefore, some x* G A{c*) remains far away from A{c). Let c* 
one obtains A{c') 3 A{c). The proof is the same if ^ is a homoclinic curve. 



□ 



Recall the definition of Gm in the section 2: a first homology class g £ Gm if 
and only if 3 minimal homoclinic orbit d'y such that [7] = g. Let Gm,c C Gm be 
defined such that g G Gm,c if and only if 3 minimal homoclinic orbit ^7 in A{c) such 
that [7] = g. We say that there are fc-types of minimal homoclinic orbits in A{c) if 
Gm.c contains exactly k elements. For a sub-flat Ei we define Gm.Ei = Gm,c for some 
c G intKi, from the proof of Lemma 13.21 one can see that it makes sense. 

Theorem 3.3. We assume that, for each cohomology class, the Aubry set contains 
finitely many classes. Let Fq be a two dimensional flat, Ai{co) is a singleton for 
Co G int¥o. Let Ej denote certain sub-flat o/Fq, then 

1, either n 5*Fo = or Ej C 5*Fo; 

2, if^i n 0*Fo = 0, then Gm,Ei contains exactly one element; 

3, if c £ 5Ej and c ^ 5*Fo then Gm,c contains exactly two elements; 

4, i/Ej,Ej C (?*Fo, then either Ki and Ej are disjoint, or Ej = Ej/ 

5, i/Ej C 5*Fo, M{c) =M{c') holds for c € dEi and c' G mtEj. 



Proof. For conclusion 1, let us recall a fact that A{c) = A{c') provided c, c' G intEj 
[Msj . If 3 c G intEj such that the Aubry set consists of minimal homoclinic orbit and 
the fixed point only, it is then the case for all classes in the interior of Ej. Clearly, 
for any c, c' G Ej and each g G Gm,Ei we have {g, c — c') = 0. Thus, we only need 
to consider c G 9Ej. Let us assume the contrary, namely, some ergodic invariant 
measure //c exists which is not supported on the singleton and minimizes the action 

j Ldfic - {p{vc),c) = -a(c). 

Because the configuration space is two-dimensional torus, the rotation vector of the 
measure p{pc) must be parallel to 5 G G^.e^ > otherwise the Lipschitz graph property of 
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Aubry set will be violated. Consequently, {p{fic), c — c') =0 holds for each c' G intEj. 
It implies that this measure also minimizes the action for c' E intEj, but it is absurd. 

As the configuration space is two dimensional torus, its genus equals one, Gm,c 
contains at most two elements. It is due to the Lipschitz graph property of Aubry 
set. If Gm,Ei contains two elements, due to Lemma 13.21 Gm,c would contain more 
than at least three elements if c G 9Ej and c G 3*Fo, or there would be an extra 
closed orbit in A[c). In both cases, the Lipschitz graph property of Aubry set would 
be violated. Conclusion 2, 3 are the immediate consequence. 

If the conclusion 4 is not true, then for the cohomology class in Ej n Ej the Mather 
set would contain two closed circles with different homology, but it violate the Lips- 
chitz graph property of Aubry set. Due to the same reason we obtain the conclusion 
5. □ 



By this theorem, for each sub-flat Ej C 9*Fo a class p(Ej) is uniquely determined 
which is the rotation vector of the minimal measure for c G intEj. For brevity, we 
also use the notation A^(Ei) = M{c) for c G Ej. 





Figure 1. Ej C a*Fo, X(Ej) = {0} U {7}. The blue curve is in A{c) 
for c at one end point of Ej, the red curve is in A{d) for c' at another 
end point of Ej. 

Given two homology classes g,g' G iifi(T^,Z), we call them adjacent if 5 G Gm,,E; 
9' G Gm,w, En(9*Fo = 0, E'n9*Fo = 0, E and E' are adjacent. The special topology 
of two-dimensional torus induces some restrictions on adjacent homologies. 

Lemma 3.3. Assume c G E n E'. // {m,n) = <? G Gm,E and {m' ,n') = <?' G Gm,E'; 
then 

m'n — mn' = ±1. 



Proof. By condition, A{c) contains homoclinic orbits with two types (m, n) and 
{m',n'). Clearly, {m,n) = 1 (m is prime to n) and {m',n') = 1. Since the con- 
figuration space is T^, these curves intersect each other only at one point, guaranteed 
by the Lipschitz graph property. Thus, it is equivalent to the problem that, for each 
integer k, the solutions of the equation 

mx + ny = k, m'x + n'y = 

are always integers. □ 



Let us study the structure of Mather set as well as Mane set for the cohomology 
class close to the flat Fq. 
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For each indivisible homology class ^ g £ i?i(T^,Z), either there does not exist 
A > such that ^/^{Xg) G 9*Fo, or some Aq > exists such that ^p^X^g) € (9*Fo. 

In the first case, there exists at least one closed orbit d'yx with the rotation vector 
Xg for each A > 0, which supports the minimal measure. Clearly, J^p[Xg) approaches 
to aFo\a*Fo as A ^ 0+. Indeed, if d{c,^^{Xg)) holds for c G d*¥o, one has 
g ^ .if^^(c). As the speed of 7a approaches to zero only when it approaches to the 
fixed point, d{d'y\,Ai{c)) > d > holds. But it violates the Lipschitz property. 

In typical case, ^p[Xg) is an interval if A > 0. If g G Gm,^i^ then ^p{Xg) ap- 
proaches to certain sub- flat Ej. li g = kigi + kjgj with indivisible {ki,kj) G Z^, 
gi G Gm,Ei5 9j £ Gm,Eji Fj and Ej are two adjacent sub-flats, the interval will shrink 
to a vertex, the pinch point of Ej and Ej as A — t- . Let A — t- 0^ , we have a sequence 
of sets {d'^x} = {Ut{l\{t)^i\{f))}- By the upper-semi continuity of Mane set in the 
cohomology class, its Kuratowski upper limit set is obviously in the Aubry set for 
certain c G 5Fo\9*Fo, thus, consists of minimal homoclinic orbits to the fixed point. 
As c approaches to the vertex, the Mather set approaches to a set of figure eight: 

M{c) -ii *7j, 

where 7; C A{Ei) is a minimal homoclinic orbit such that [7;] = gi for I = i,j. 

To be more clear, we study this phenomenon in the finite covering space M = 
kiT X k2T where km = kigim + kjgjm for m = 1,2 if we write gi = {gii,gi2) and 
9j ~ idjiidj'i)- o" be a permutation of ki + kj symbols («,••• , j) , i.e. we 

have a map a: {1, 2, • • • ,ki + kj}^ {hJ} such that the cardinality #a~^{i) = ki and 
= kj. The lift of homoclinic curve 7^ as well as 7j to M contains several 
curves, each of them is not closed curve. Pick up one curve 7o-(i) in the lift of 7(t(i)> it 
determines a unique curve 7cr(2) such that the end point of 7o-(i) is the starting point 
of 7(r(2) ! and so on. Clearly, there exists certain permutation a such that one Aubry 
class in A{c, M) 

A(C, M) 7^(1) * 7^(2) * • • • * la{k,+kj) 

as c approaches to the vertex along the path in the channel, see Figure [2] and O 

/ 



Figure 2. [71] = (1,0), [72] = (1,1), ki = 1, A;2 = 2. For each class 
c on the red line in the channel, /o(/ic) = -^([71] + 2 [72])- The solid 
blue line represent a periodic curve, the solid purple line represent 
the conjunction of the minimal homoclinic curves. The dashed lines 
represent the image of Deck-transformation. 

In the second case, some Aq > exists such that ^/i^Xg) G 9*Fo. In this case, 
certain sub-flat Ej exists such that J^p{Xg) = Ej C c?*Fo. In typical case, c-minimal 
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Figure 3. For each c on the red hne m the channel, the Aubry set 
is a closed orbit in the cylinder, these closed orbits approaches to a 
curve of figure eight 

measure is supported on a periodic orbit which is normally hyperbolic for each c G Ej. 
Thus, there is a channel C ended at Ej such that Ucgc-^(c) makes up a normally 
hyperbolic cylinder. 




Figure 4. For each c in the channel, the Aubry set is a closed orbit 
in the cylinder (in purple), the closed circle in blue is in the Mather 
for c at the common boundary of the flat and the channel, the closed 
orbit in green is not local minimal orbit, but not global. 

In this paper, we study the dynamics on certain energy level H{x,y,y^) = E. Since 
one obtains the condition dy,j^H ^ from the normal form, some function = G{x, y) 
solves the equation H = E. Treat G{x, y) as the new Hamiltonian and let r = — X3 
be the time, one obtains a system with two degrees of freedom, which is equivalent 
to the dynamics on the energy level {H~^{E)^. 

Theorem 3.4. Assume the autonomous Hamiltonian H{x,y,Xn,yn) satisfies the con- 
dition dy^H ^ on {H~^{E)} n {y„ S bn '^n]}- Vn = G{x,y,T) be the solution 

0fH = E{T = -Xn), 

LH{x,Xn,x,Xn) = max((i,x„), {y,yn)) - H{x,y,Xn,yn), 
y,yn 

Lg{x, y, t) = max(i;, y) - G{x, y, r), 
y 

an be the a-function for Lh and ac be the a-function for Lq, then (c, aG(c)) G 
a-^^E) ^/G(c)G[y-,y+]. 

Proof. Let us keep in mind that G(x, y, — x„) solves the equation H{x^ y, Xn,yn) = E 
and dy„H / 0. Let c = {c,aG{c)), 7 = (7,7n), x = {x,Xn) and y = {y,yn)- Let 
7 be c-minimal curve for the Lagrange flow 7 is then c-minimal curve for the 
Lagrange flow c/)^ if 7„ = Xn and 7 is re-parameterized t ^ t. Indeed, once x = x{t) 
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be a solution of one obtains y = y{T) from the Hamiltonian equations. Be aware 
of the fact that H(x{t),y{t)) = E, one find 

[^g{i)] = j (^(^^,y - - yn + acicj^dT 

= j {{i,y-c)-H + E)dt 

This completes the proof. □ 



Let 7r„ : M" — )• M" be the standard projection By this theorem, vr^ : 

f/'^(T'^~^, M) — )• aniE) is a homeomorphism when it is restricted in a neighborhood 
of the flat Fq of ap. The pictures we obtained in this subsection remain same for 
c G 7r~^(Fo + d) aJj^{E), where Fq + d denotes d-neighborhood of Fq. 



4. Normally hyperbolic invariant cylinder 



In this section, the existence normally hyperbolic invariant cylinder is investigated 
by using the normal form obtained in the section 3, where finitely many steps of 
KAM iteration and one step of linear coordinate transformation were carried out 
for obtaining the normal form. All these coordinate transformations are symplectic. 
Since Aubry set and Mane set are symplectic invariants [Be2] , it is good enough to 
study these objects by considering the normal form. 



4.1. Homogenized Hamiltonian. The normal form of the Hamiltonian takes the 
form 

(4.1) H = h{y) + eZ{x,y) + eR{x,y), 

where x = (x,X3) = {xi,X2,X3) and y = {y^y^) = (yi, 2/2,2/3)- As h is strictly 
convex, a unique curve exists along which dyh = (0,0). This curve passes through 
the energy level {h~^{E)^ transversally at unique point yo- As > mina, one has 
dy^hiyo) = w^; 7^ 0. By translation, we assume y = 0. 

As the dynamics we are concerned about is restricted on an energy level {H~^{E)^, 
it can be reduced to a system with two and half degrees of freedom by standard 
method. Indeed, because of dysh^O) = oje / 0, the equation H{x,y) = E uniquely 
determines a smooth function y^ = y3{x,y,X3) in certain neighborhood of ^3 = 0. 
Treating —ujys = G as a new Hamiltonian and lo~^X3 = r as the new time variable, 
we obtain a time-periodic system with two degrees of freedom. From the normal form 
we find that 

G{x, y, r) = h'{y) + eZ'{x, y) + eR'{x, y, r) 
where h'{0) = 0, dyh'{0) = and eR' is as small as eR. 

As the first step, normally hyperbolic cylinder will be studied in the range of 
l|y ~ y*ll = 0{^/e), one obtains the cylinder in 0(1) scale by choosing different yo- 
By rescaling variables y — y* = \^p, s = -v/er, one obtains an equivalent Hamiltonian 
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equation 

— - — + Ap+ (^Ili^/M. _!^_Ap) + — + — 
ds s/e \ edp -s/e ' dp dp ^ 

dp _ _dZ^ _ dR!_ 

ds dx dx 
which corresponds to the Hamiltonian 

G, = + \{A*p,p) + V*{x) + Z',{x,^ep) + B!,{x,^ep,s/V€) 

where = dh'{y*), A* = d^h'{y*), V*{x) = Z'{x,y*) and 

Zi = -h'{y* + V~ep) -^{u;*,p)- {A*p,p) + Z\x, ^ep + y*) - y*). 
e ye 

Clcarlv, one has Z'^ = 0{^/e) and ||i?'||c2 = 0(e('^-2)^), where the -norm is with 
respect to {x,p) only. Obviously, one has 

Proposition 4.1. Each orbit {x{s),p{s)) of the Hamiltonian flow uniquely deter- 
mines an orbit (a;(r),y(r)) = {xis/y/e),y* +^/ep{s/^/e)) 0/$^. If G^{x{s),p{s)) = 
and G{x{T),y{T)) = E, then E = eE^. 



The Hamiltonian G^ is a small perturbation of the homogenized Hamiltonian 

G = ^^{u*,p) + ^{A*p,p) + V*{x). 

It is uniquely related to the Lagrangian 

L = ~-^{oj*,A*-'x) + hA*-^x,±) - V*ix). 
ye 2 

Let us first consider the case when y* =0, it follows that co* = 0. Correspondingly, 
let A = A* andV = V* for y* = 0: 

G = ^{Ap,p) + V{x), L = \{A-^x,x) - V{x). 

For this Hamiltonian system, the maximal point of V determines a stationary solution 
which corresponds to a minimal measure of L, where the matrix 

A" 

has 4 real eigenvalue ±Ai, ibA2. By translation of coordinates, it is a generic condition 
that 

(HI): V attains its maximum at x = only, the Hessian matrix of V at x = is 
negative definite. All eigenvalues are different: — A2 < — Ai < < Ai < A2. 

Such a hypothesis leads to certain hyperbolicity of minimal honioclinic orbits. Let 
us consider the case: for c G SFq the Aubry set A{c) = U(g]RC(t), where (^: R — t- M is 
a minimal homoclinic curve. By the assumption HI, the fixed point z = (x,y) =0 
has its locally stable manifold W'^ as well as the locally unstable manifold W~ . They 
intersect each other transversally at the origin. As each homoclinic orbit entirely stays 
in the stable as well as in the unstable manifolds, along such orbit their intersection 
can not be transversal in the standard definition. However, for convenience and 
without of confusion, we call the intersection transversal still if 
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If we denote by = (A^jj, A^j) the eigenvector corresponding to the eigenvalue 
Aj, then the eigenvector for — Aj will be A~ = {Kxi, — ^.yi) ■ it is a generic condition 
also that 

(H2): for each g G ffi(T^,Z), there is at most one minimal orbit associated with 
the class g, the stable manifold intersects the unstable manifold transversally along 
each minimal homoclinic orbit. Each minimal homoclinic orbit approaches to the fixed 
point along the direction Ai; 7(t)/||7(t)|| — )• A^.^ as t ^ ±00. 

Because of the separability property, the countability of homology classes of all 
homoclinic curves and Theorem 13.31 we have another generic condition 

(H3): For any c £ 5*Fo, the Aubry set does not contain minimal curve homoclinic 
to the origin (fixed point) . 

4.2. Cylinder for truncated Hamiltonian: near double resonance. Let us 

start with a Hamiltonian with two and half degrees of freedom: 



where {x,^p,s/,/€) G x x T, Z" = Oi^/e), \\eR'\\c2 = 0(ei+('-2)'^) where the 



C^-norm is with respect to {x,p) only. Recall the homogenized Hamiltonian as well 
as the homogenized Lagrangian 



where x = 

By the assumption (HI), the origin {x,x) = is a fixed point which supports 
a c-minimal measure for each c E Fq, where Fq G H^{T'^,R) is a 2-dimensional 
fiat. As classified before, for each c G OFo\9*Fo the Aubry set consists of minimal 
homoclinic orbits plus the fixed point. While for c G 3*Fo, besides the minimal 
measure supported the fixed point, there exists another c-minimal measure. 

Let us consider this issue from homological point of view. Given an irreducible class 
g G i^i(T^,Z), it is not necessary that some minimal homoclinic curve 7 exists such 
that [7] = g. However, for each u > 0, there exists a periodic curve [0,T^] — t- 
minimizing the action along curves with the same period 



and its rotation vector p{"iu-,iu) = i^9- As the configuration space is a 2-dimensional 
torus, this periodic orbit supports a c-minimal measure for c G ^^{I'g). Denote by 
[xu-iUv) the periodic orbit determined by 7jy in the phase space, where x^ = Ju- 

For each finite period T^, it is generic that the minimal measure is supported on at 
most two periodic orbits, both are hyperbolic, namely, it has the stable and unstable 
manifold. Once g and i' are given, a unique energy E = E(g, i') exists such that the 
periodic orbits stay in the energy level G~^{E). These periodic orbits constitute a 
two-dimensional cylinder. However, it appears not reasonable to assume the normal 
hyperbolicity for <I>^ in usual sense as the speed along the orbit may undergo large 
variation, especially, when it is very close to some homoclinic orbit. Therefore, one 



(4.2) 




G{x,p) = ]^{Ap,p) + V{x) 
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can not see the separation of the spectrum of D^q in normal and in tangent direction. 
As the first step, let us study the case when c — )• d¥o, i.e. decrease the parameter z/. 

There are two cases alternatively as v decreases: ^/^{vg) — t- (9Fo as v decrease to 
zero, or 3 i/Q > such that ^piuQg) G SFq. 

The second case is easy to handle. Since the class g is irreducible, there is some 
periodic orbit {xy^^Xy^) which minimizes the c-action provided c G J^j3{vQg). In this 
case, the normally hyperbolicity of the cylinder is obvious provided this periodic orbit 
is non-degenerate in the sense of Morse. 

In the first case, the cohomology class approaches to some sub-flat Ej C (9Fo\9*Fo 
or to some vertex where two adjacent sub-flats Ej,Ej_|_i C 9Fo\(9*Fo joint together. 
Under the hypothesis (H2), the Aubry set A{c) contains exactly one minimal homo- 
clinic curve and the point of the origin provided the class c is in the interior of some 
edge (sub-flat). Let 7^ be the minimal homoclinic curve related to Ej for j = z + it 
determines the minimal homoclinic orbit C ^"^(0). Denote by gj = [7^] 

the homology class, li g = gi, ji as u decreases to zero. If there exist two 

positive integers ki,ki+i such that g = kigi + /cj+i^j+i, the curve Xy approaches to 
the set UjgiRXi(i) U (figure eight) as — >• 0, folding ki and fej+i-times along Xi 

and Xj+i respectively. Note that all these three classes are irreducible. 

Each 1/ > determines the energy E > ^ such that {xy{s),py{s)) C G~^{E). By 
the study in Section 4.2, (Eq. (|3.10p ). for g = kigi + and suitably small 

Ty = Ty{E,g) = TE,g - ^{ki + ki+i) InE 

M 

where TE,g kiTE,g, + ^i+iT^.g^+i as E ^ 0, both TE,gi and TE,gi+i is bounded as 
^ ^ 0. 

To study the dynamics around the minimal homoclinic orbits Z£ = {x£,pi) {£ = 
i,i + 1), we use a new canonical coordinates {x,p) such that, restricted in a small 
neighborhood of 2; = 0, one has 

G=1{PI- A?x?) + ^(Pi - XW2) + Ps{x) 

where ^3(2;) = 0(||x||^). Without losing generality, we assume X£^i{s) | as s — )• —00, 
xe,i{s) t as s — )■ 00 and i£(s)/||i£(s)|| — )• (1,0) as s — )• ±00. Here the notation is 
taken as granted: X£ = (x^^i, x^^2)- We choose 2-dimensional disk lying in the energy 
level set ^-^(E;) 

= {{x,p) e : \\{x,p)\\ < d,G{x,p) = E,xi = ±5}. 

Because of the special form of G, one has 

= {xi = ±6,pI +pI - Xlxl = \l6^ - 2Ps{±6,X2), ||(x,p)|| < d}. 

Let W~ {W~^) denote the unstable (stable) manifold of the fixed point which entirely 
stays in the energy level set G~^{0). The tangent vector of W~ H takes the form 

= {vxi,Vx2,Vp^,Vp2) = (0,±l,pi^5,±A2 +P2,5) G T_,-{W~ n S"^) 

6 ' 

where both ,5 and p2^s are small number. 
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Denote by the time when the homochnic orbit zi{s) passes through Sq^. As 
dy^G > at the point on the orbit where xi = ±6 and both homochnic orbits Zi{s) 
and Zi+i{s) approach in the same direction to the fixed point, both Sq"^ and H^g 
intersect these two homochnic orbits transversally. Let z^^ denote the intersection 
point of Z£(s) with Sq^. In a small neighborhood of that point B^^zJ^), one obtains 
a map ^'0,5: ^ n B^{zJ^) T,Qg in following way, starting from a point z in this 
neighborhood, there is a unique orbit which moves along Zi{s) and comes to a point 
^o,s{z) G T>Qg after a time approximately equal to Tg'^ — T^^. 

Let us fix small D. There exists ai > 1 (depending on D) such that 

< P^'o,D(^B,j)lT(iy-nE-^)ll' ll^*oi(4,i)lT(W'+ns+^)ll ^ «i- 

One can choose larger ai so that this estimate works for both i = i and i = i + 1. 
Clearly, one has ai — )• 00 as L> — )• 0. 

As the homochnic curves approach to the origin in the direction of (1,0), for small 
S <^ D, there exists a constant /ii > such that /xi 4, as D — t- and 

The Hamiltonian fiow defines a map ^Qgjj- — )• Sq^. Emanating from a 
point in Sq ^ there exists a unique orbit which arrives Sq £, after a time bounded by 
the last formula. The flow also defines a map jj- — > ^o5- Starting from 
a point in an orbit intersects after a time also bounded by the last formula. 

Restricted in the ball Bd, let us consider the variational equation of the flow '^q 

along the homochnic orbit Zj{s). It follows from the normal form of the homogenized 
Hamiltonian G that the tangent vector {Ax, Ap) = (Axi, Ax2, Api,Ap2) satisfies the 
variational equation 

(4.3) Axi = Api, Api = XfAx, - ^ii{xe{s))Axi - ^2iixeis))Ax2 

for i = 1,2, where "^ij = dxidxjPs- Some positive constant a > exists such that 
\'^ij{xi{s))\ < a\\xi{s)\\ provided ||a:^(s)|| is small. Since the homochnic orbit ap- 
proaches to the fixed point in the direction of {x,p) = (1, 0, Af , 0), 

Thus, for the initial value Az{T^ ^) = (Aa;(T^^), Ap{T^ ^)) satisfying the condition 

\{Az{T+^),vj)\>2/3\\Az{T+^mvj\\ 
{vj = (0, ibl,pi^5, ibA2 +P2,s)) one obtains from the hyperbolicity that 

iAz(r+,)||e(^-'^^)(^i-^^,^) < ||A^(r+)|| < a2||Az(r+,)||e(^^+'^^)(^^^-^^.^) 

holds for some positive constant 02 > 1 depending on Aj as well as on P. Therefore, 

for each vector v G T^+Sj^, which is nearly parallel to T^+{W~ fl S^^): > 

2 1 
3 1 



holds for v' G T^+iW' D S+^) we have 



V (5 / IkIKo \\v\\ \d J 
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Similarly, one has 



a,- ( < \\D^o,s,Di\i\.{w-nJ:i^J\ ^ "HtJ 



''3 \ X I - II-^~^0.5.d(^5.£)Ij 

where as > 1 also depends on Aj as well as on P, H2 > and /U2 — )• as D 



By construction, the intersection of the 2-dimensional disk S^. r with the unstable 



manifold W constitutes a curve. 



Let r_^^ C W- 



0,(5 

n ^ be a very short segment 



of this curve, passing through the point zj^ where the homoclinic orbit Z£ intersects 
Sq ^. Pick up a point z| on the homoclinic orbit zi far away from the fixed point 
and take a 2-dimensional disk S| C (5~^(0) passing through this point which is 
transversal to the flow $^ in the sense that Tz*G~^{0) = span(T2*E^, JVG(z|)). 
The Hamiltonian flow $g sends each point of TJ^ to this disk provided it is close to 



In this way, one obtains a map ^ 



SI ■ ^0,<5 



SJ. Let r" 



^SI ^ 51- 



According 

to the assumption (H2), one has Tz*G~^{{)) = s'pa.'n.{Tz*W~^ ,Tz* W~). Thus, one 
also has Tj|G~^(0) = s]ia.\i{Tz*W'^ ,Tz*T~^'*). Consequently, it follows from the A- 
lemma that ^Q siXJi) keeps C^-close to n S^}"^ at the point and ^'Q^(r|'^) 
keeps C^-close to n Sq ^ at the point provided > is sufficiently small. As 
^o,<5 = ^o,5,D ° ^o,D o *ct<5,£" ^'^^ obtains 



-1 



and 



< 



lT_(M/-ns-,)l 

6 



< \\D%\i4)\ 



iT+(w^+ns+,)i 



< 04 



< 04 



where 04 = 010203 > 1. See Figure [5l 



2(^+/^2) 



-M2) 






Figure 5. 

For > sufficiently small, ^ is C'^'^^-close to Sq^ respectively. Let 2;£;(s) = 
{xe{s).,pe{s)) be the minimal periodic orbit staying in the energy level set G^^{E), 
it approaches to the homoclinic orbit as E decreases to zero. Thus, it passes through 
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the section ^ as well as § ki + k2 times for one period provided > is 
sufficiently small. We number these points as ^ {k = 1,2, ■ ■ ■ ki + k2) by the role 
that emanating from a point ^, the orbit reaches to the point ^^j^^ first and then 
to the point ^"^^ so on. Restricted on small neighborhoods of these points, the 

flow $g defines a local diffeomorphism '^e,s'- s ~^ <5- Because of the smooth 
dependence of ODE solutions on initial data, a small e > exists such that, for the 
vector e-parallel io T ±{W^ ^) in the sense that > (1 — e)!!^^ || || 

holds for some G T^±{W^ n S^^), we obtain from the hyperbolicity of ^0,5 (see 
the formulae above Figure [5]) that 

UJ - — — -"'U 

and 

UJ - — m — -"'UJ 

holds each j, where 05 > 04 > 1, < /X3 — >■ as D — 0. Once the vector is 
chosen e-parallel to T^-{W~ H Sq^) then the vector Z)^£;_5(z^ ~ is e-parallel to 

As E > 0, the Hamiltonian flow $g defines naturally a diffeomorphism ^^5^: 
^ — S^^. According to the study in Section 4.2 (cf. formula (j3.10p ). starting 
from Sg^, the periodic orbit comes to ^ after a time approximately equal to 
Xi^{\ In E\ — 2| In 5\) + ts in which ts is uniformly bounded as (5 — )■ 0. Therefore, for a 
vector f+ e-parallel to {W~ Ci ^tx), one obtains that the vector D^~^ ss(^E 1)'^^ 

0,S ' ■> ■> ij 

is e-parallel to {W~ n S^) and 

b) - — m — 

where ag > 1 for each A;, < — )• as (5 — >• 0. Similarly, for a vector f ~ e-parallel 
to {W~^ n Sq^), one obtains that the vector D'^^^^{z^ ■) is e-parallel to 

T.-S'^-^^o^s) and 



-""'Ve) 



The composition of the two maps constitutes a Poincare map ^e,5 = ^ 5° ^£,(5, 
it maps a small neighborhood of the point z^ ^ in ^ to a small neighborhood of 
the point z^ ^j^^ in S^^j. For a vector e-parallel to iW" n Sq^) the vector 

D^E,s{zj^ k)v~ is stih e-parallel to T_,- {W~ D 
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and for a vector e-parallel to T^- {W^ D Sq^) the vector D^^\{z^ j^)v~^ is still 
e-parallel to T^-^{W-^ n S^ ^) 

,,,,, A-' (f ) < ^^^If^ < A (f ^ 

holds for each k, where A > 0505 > 1, < — )• as I? — )• 0. Consequently, each 
point J is a hyperbolic fixed point for the map it is also hyperbolic for 

^E,5- Thus, the minimal periodic orbit ze has its stable as well as unstable manifold, 
denote by and respectively. 

Lemma 4.1. The conditions (HI) and (H2) are assumed. For a class g £ //i(T^,Z), 
if .^fj{vg) —7- (?Fo as v decrease to zero, then there exists Eq > such that for 
each c G ^p{vg) with a(c) = E G (0,-Eo] the c-minimal measure /ic is uniquely 
supported on a periodic orbit. Let S_b C G~^{E) he a two-dimensional disk such that 
TzG~^{E) = span(TzT,E, JVG{z)) for z £ T,e and let T,e — >■ "Se be the return 
map naturally determined by the flow there exists some A > 1, C > independent 
of E < Eq such that 

\\D^e{ze,o)v-\\ > CE-%-\\, V f- G T,^,,W^; 

\\D^e{ze,o)v+\\ < C-^E'^Wv-l yv+G T,^_,W+, 
where ze,o the point where the periodic orbit intersects Tie- 



Proof. In this case, the cohomology class approaches to some sub-flat Ej C (9Fo\(?*Fo 
or to some vertex where two adjacent sub-flats Ei,Ej+i C 9Fo\i9*Fo joint together. 
By the study above, one has such hyperbolicity shown in the inequality (14. 4p and 
(14. Sp . By implicit function theorem, the uniqueness of periodic orbit for sufficiently 
small v follows from this hyperbolicity. □ 



In the second case, there exists some vq > such that ^^(z^oS') G d*¥o. It is 
typical that .^^^(1^05) is a sub-fiat Ej C i9*Fo, where the c-minimal measure is uniquely 
supported on a hyperbolic periodic orbit zo{s) C ^"^(O). Thus, in the energy level 
set G~^(0) suitable two-dimensional disk Eq is chosen so that the Poncare return map 
is hyperbolic at the fixed point. The uniqueness of minimal periodic orbit for u close 
to z^o follows from the implicit function theorem. Therefore, the following condition 
is also generic 

(H4): Given a class g E -ffi(T^,Z), there are finitely many vi E (0, i^*] such that, 
for each rotation vector Uig, the Mather set consists of two periodic orbits, for any 
other rotation vector vg, the Mather set consists of exactly one periodic orbit. All 
these periodic orbits are hyperbolic. 

We call these {vi} bifurcation points. Let i^i > be the smallest one. Since there 
is correspondence E = E{v,g) we introduce a notation 

TiE,g = {{xE'{s),pE'{s)) : [xE']=g,E' e[E,E{uug)],seR}. 

where ii^ > is small. It is a two-dimensional cylinder which consists of a family of 
periodic orbits, approaching to a curve of figure-of-eight as E decreases to zero. Let 

^Eo,Eug = {{xE'{s),PE'{s)) : [xe'] =g,E' £ [Eo,Ei],s£ M} C nE,g, 
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it is invariant for the Hamiltonian flow <I>g of G. Let T(E) denote the period of the 
periodic orbit in G^^{E), one has 

rEi rT{E) 



B0>-El,9 



Eo JO 



dE Adt> 0. 



The cyhnder is not standard, but slant and crumpled. To see how the symplectic 
area is related to the usual area of the cylinder, let us study the dependence of the 
fixed point {x2{E) , p2{E)) of the Poincare return map ^e,5 on E. By definition, the 
fixed point is a solution of the equation 

(4.6) ^eA^2{E),P2{E)) - {x2{E),p2{E)) = 0. 

Emanating from a point {5,pi,X2-,P2) S G^^{E) the orbit reach a point z S {xi = —6} 
after a time t{E, 5) which remains bounded as E ^0. Let z' S {xi = —6} be the point 
corresponding to {6,p'i,X2,P2) £ G~^{E'), obtained in the same way. The difference 
of the (x2, y2)-coordinate of these two points is bounded by c^oIpi — p'i\ where do 
depends on 5. Let {Ax, Ay) be the solution of the variational equation ()4.3p along 
the periodic solution {xE{s),PEis)) through a neighborhood of the origin < S), 
one obtains from the estimate (I3.10p that 



\\{Ax,Ay){si)\\<diE ^1 ^«||(Ax,Ay)(so)|| 

where the time so and si are chosen so that the first coordinate xe,i{so) 
xe,i{si) = S. Therefore, one finds that 

d'^E 



-6 and 



< dodiE' 



dpi 

where < /ig — ^ as 5 — )• 0. As the quantity 
quantity for the inverse of is bounded by 
that 

(4.7) 



is bounded by (j4.4p . the 

2D 



d{x2,P2) 

we obtain from the equation 



dx2 




dp2 


dpi 


1 


dpi 



< doE-'^^^. 



It establishes certain relation between the symplectic area oj and the usual area S of 
the cylinder |a;| > d:>,E'^^"^\S\. 

Theorem 4.1. We assume the conditions (HI), (H2) and (H4). There exists small 
El > Q such that for each E € (0, i^i], the cylinder ^E,g is normally hyperbolic for 
the map ^^^^ , where AtE = 2X'^^\lnE\. 



Proof. The cylinder IlE,g is a 2-dimensional symplectic sub- manifold, invariant for 
the Hamiltonian fiow However, it is not clear whether this cylinder is normally 
hyperbolic for the time-l-map = $g|<j=i, as it is possible that 

m{D^Q\Tn) = inf{|i:'^>gi;| : v £ TU, \v\ = !}<!, ||-D^>g|Tn|| > 1, 
and we do not have the estimate on the norm of D^q acting on the normal bundle. 

We search for the normal hyperbolicity of <I>^ with large s for the cylinder n^;^^^^^^, 
where < Eq < Ei, Ei denotes the largest value such that the formulae (14. 4|) and 
(14. 5p hold for each E < Ei. From these formulae, one sees that the smaller the energy 
reaches, the stronger hyperbolicity the map ^e,s obtains. It obtains such strong 
hyperbolicity by passing through small neighborhood of the fixed point. However, on 
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the other hand, the smaller the energy decreases, the longer time one needs to obtain 
such a return map. 

Let AtE^k denote the time interval such that, starting from ^, the periodic orbit 
comes to after time /^tE,k- In virtue of the study in Section 4, Eq. (|3.10p . 

AtE,k ~ TE,gi - InE, i = i, or i + 1, 

where both TE,g^ and te^q^^^ are uniformly bounded, the choice of te^q^ depends on 
the path along which the periodic orbit moves. Note At^; = ^| Ini?! is much larger 
than maxfcAt^;^^. Thus, starting from any point z on the minimal periodic orbit 
ze{s), ^'^(2:) passes through the neighborhood of the fixed point after time Te- It 
implies that the map $^|s=t£; obtains strong hyperbolicity on normal bundle. 

It is used to measure the tangent hyperbolicity that the map preserves the 
symplectic area of the cylinder. Let us investigate how the map elongates or short- 
ens small arc of the periodic orbit. An extremal case takes place when a short arc 
moves from a neighborhood of the fixed point to somewhere far away. As the orbit 
passes through the neighborhood of the origin 05(0) basically along the minimal ho- 
moclinic orbit, in a time approximately equal to —X^^hi6~^E the variation of the 
length of short arc is between 0(£'^^^^) and 0(i?~^^^^). Because of the relation 
between the symplectic area w and the usual area S of the cylinder, the variation of 
restricted on the tangent bundle of the cylinder, is between 0{E'^^^'''^'^^^) 
and 0(£;-i-^'7-2/.6). 

Thus, the normally hyperbolic property becomes clear: the tangent bundle of M 
over TiEQ,Ei,g admits L'<I'^|s=TB-invariant splitting 

T,M = T,N+ e T,Ue,,e„9 e T,N~ 
and some Ai > 1, A2 > 1 and small > exist such that 

\\D^''-(z)v\\ 

(4.8) A^'E'+'' < " 1^ ^ " < Ali^-l-^ V V G T,UE„E„g, 



^ - < As^^i , Vug r^iv+. 



\v\ 

\D^%[z)v\\ , , 



\\v\\ 

hold for s> AtE (cf. (jMl) and (jM])). Note that A2/A1 - > 1 + 1/ provided u >0 
is suitably small. □ 



For each E > Ei, let ze{s) be the minimal periodic orbit, Y^e C G~^{E) be a 
2-dimensional disk intersecting ze{s) transversally at the point ze^-, ^e'- '^e 
be the Poincare return map. By the generic property (H4), ZEfi is the hyperbolic 
fixed point of S^; and A^;^ > 1 exists such that 

\\D^e{ze,q)v-\\ >IV2,eAv-1 yv- €T,^,,{W^nJ:E), 

\\D^e{ze,o)v+\\<A-^j,Jv+\\, y v+ Gn^.iW+nJ^E). 
As the cylinder is foliated into periodic orbits and preserves the symplectic form, 
some Ai^Ei ^ 1 exists such that 



ARNOLD DIFFUSION IN A PRIORI STABLE SYSTEMS 



49 



holds for any s > 0. Choosing m G N such that A™^;^ > 2Ai_£;j, one obtains the 
normal hyperbolicity for ^g(-z) with s > mT{Ei), where T{Ei) is the period of the 
periodic solution in z G Xl^j^^g n G^^{E) with E £ [Ei, E{iyi, g)]. 

4.3. Persistence of cylinder: near double resonance. To apply the theorem of 
normally hyperbolic manifold |HPSj to the Hamiltonian defined in the formula 
(|4.2|) . we note that the Hamiltonian 0^ = G + Z'^ is also an autonomous system 
with two degrees of freedom. Since Z'^ = O(y^), being aware of the non-degeneracy 
assumption for V (see (HI) and (H2)), we see that for each suitably small e > 0, 
the map admits invariant cylinder also, denoted by n^;^^^ still, with the normally 
hyperbolic properties (see Formulae (|4.8p ). independent of the size of e. 

Let us consider the persistence of n^;^^^ with £"0 = e^"^ with d > 0. Since these 
hyperbolic properties are posed not for the map but for with large s, one 
has to measure how large the quantity — ^qJ\ will be. 

Lemma 4.2. Let the equation z = F^{z,t) be a small perturbation of z = Fo(z,t), let 
and denote the flow determined by these two equations respectively. Then 



where A = maxt,\=e,o \\Fx{-,t)\\c2 and B = maxj ||(F, - Fo)(-, ■ 

Proof. Let zx{t) denote the solution of the equations z = F\{z,t) for A = e, respec- 
tively, and Ze(0) = z{0). Let Az{t) = z^{t) - z{t), then Az{0) = and 



Along the orbit zx{t), the differential of the flow <I>^ obviously satisfles the equation 



To study the diff'erential of <I>* — <I>g, let us consider the equation of secondary 
variation. Let 6zx be the solution of the variational equation 6zx = dzFx{zx{t),t)6zx 
for A = e,0 respectively, where zx{t) solves the equation zx = Fx{zx,t) and z^{0) = 
z{0). To measure the size A6z = 6z^ — 6z with the condition ^^(O) = z{0), we find 
that 





-D^i = d,Fx{zx{t),t)D^i, A = e, 0. 
Therefore, for each tangent vector v attached to zx{^) one has 

\\D^\v\\ < llwlle^*. 



d{A5z) 
Jt 



< max \\dzF,\\ \\A5z\\ + max \\dlF\\ \\Az{t)\\ \\5z{t)\\ 

+ max||5,(F,-F)||||fc(t)|| 
<AA5z + B\\v\\e^^\ 
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where v = 5ze{0) = 5z{0). By using Gronwell's inequality again, one obtains an upper 
bound of the variation of the differential 

B. 



\A6z 



< ^11^11(1 



Note that v represents initial tangent vector, it completes the proof. 



□ 



Let us applying this lemma to the Hamiltonian G^- Treating R'^ as the function of 
(x,p) we find that there exist some constants 03,09 > independent of e such that 

11^ ^ 11 ^ 
max||q?(5^ — "PgJIj^i < max 



dxdp 

and maxg ||$g'J|(^2 = max^ ||Ge||(73 < og. For s = j- Ine^'^ one obtains from Lemma 
~T2] that 



/ ^-.x Saqd 



■ '^^ " = ag 

i/ag. If the number d is set to satisfy the condition 
< d < (r - 2)^^'' 



where A'? 



then 11$^ — <I>g,J|,^i — 7- as e — >• 0. It allows one to apply the theorem of normally 
hyperbolic manifold to obtain the existence of normally hyperbolic cylinder IlE,g with 
E = e'^. 

Be aware of the fact n^;.^ is a cylinder with boundary, normally hyperbolic and 
invariant for , where s = Ine^'^, we do not expect that the whole cylinder can 
survive small perturbation, it may lose some part close to the boundary. To measure 
to what range the cylinder remains, let us see, along each orbit of <I>^^ , how large the 
variation of the energy will be. Indeed, along each orbit of the flow one has 

^GMs),s) =\dsG,{z,s)\ = ^^ <aioe(^-i)'^-^ 
ds -y/e OT 

which is small if r > 5 and a = Here, the estimate < 0(e^''~^^'^) is used. 

Thus, if d satisfies the condition that 



(4.9) 



d<min|-(r-l)a--,(r-2) — |, 



note that lime-s.o e'' Ine = for any positive r, one sees that, starting from the energy 
level Gj^{e'^), after a time of s = ^ Ine^*^, the orbit of ^>^^ can not reach the energy 
level G~^{e'^'^) provided e is suitably small. Indeed, one has 



(4.10) 



GMs),s)>GMO),0) 







GMt),t) 



dt 



2a 



Ai 



To use the theorem of normally hyperbolic invariant manifold, let us modify the 
perturbation near the boundary of the cylinder. Let u: M — )• M4. a smooth function 
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such that u = for t < 1 and u = 1 for t >2. Consider the Hamiltonian 

G; = a+n(|(a-e'") + i)ii: 

it coincides Ge for {x,p) G G~^{E) with E > e"^ + e^'^ and coincides for {x,p) G 
G-^{E) with < e^'^. Since max^ s)||(;;2 < 0(e(^-2)<^-2rf) ^hich is smaU if d 

satisfies the condition (j4.9p and e is small. Therefore, for E = e^'^, the cylinder n^;^^ 
survives the perturbation <I>^ — )• ^q, and the bottom remains invariant for <I>^, . 

On the other hand, one has = G'^ for {x,p) £ G~^{E) with E > \e'^ + e^'^. 
As the function u is independent of the time s, it follows from (j4.10p that the image 
^'q,{x,p) G G-^{E) with E > \e'^ + e^'^ provided {x,p) G G-^{E) with E > e'^, 
namely, one has ^q, {x,p) = ^Q^{x,p). Therefore, the invariant cylinder Ii.E,g persists 
under the perturbation <I>^ — )■ for E = e'^. Here, the invariance is in the sense 
that, emanating from each point in H n^;^^, the orbit has to pass through the 
bottom of the cylinder if it eventually leaves the cylinder. 

Location of Aubry set in the cylinder 

Recall that the /3-function is differentiable on each ray in autonomous case. For the 
normally hyperbolic cylinder Ilo^g, let W = ^{^{Uy^Qi'g) C -ff^(T^,M) be the Fenchel- 
Legendre transformation of the ray Uu>oi^g with g G i/i(T^,Z), it has a foliation 
of flats (lines). Restricted on a smooth path F C W passing through these flats 
transversally, the a-function is strictly convex. It follows that certain D > exists 
such that 

a{cuj + c) — a(c) > (w, c) + -D||c|p 
holds for Caj,c £ T , to = I'g and G Jf^(a;). 

Under small perturbation L ^ with — < e, the a- and the /3-function 
undergo small variation [ChJ 

\aL{c)-aL'{c)\<e, yc£H\M,R), 

Consequently, let ac^ denote the a-function for the Hamiltonian G^, then 
(4.11) acAcco + c) - acM > {uj,c) + D\\cf - 2e^'-'^'' 

holds for the cohomological classes on the path. 

Let ^E,g,e be the invariant cylinder invariant for the symplectic diffeomorphism 
with s = mod ^/e (the Hamiltonian G^ is time--y/e periodic). For any c G F, 
the Aubry set stays entirely in the cylinder in the following sense: for each c-static 
curve 7, the orbit in the phase space (x(s) = j{s),p{s) = (7(5), 7(5), s) G ^q, 

for s = mod ^/e. In this sense, one has 

Lemma 4.3. For each c G Tr]a^^{E) with E > e'^/^, any orbit in the Aubry set does 
not hit the energy level set G~^{E) with E < e'^. 

Proof. Let us assume the contrary: there exists an orbit {x{s),p{s)) in this Aubry 
set which hits the energy level ^^"'^(e'^) at the time s = 0. As the orbit stays entirely 
in the invariant cylinder and the perturbation is of order e(^~^)'^, it come back to the 
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neighborhood of (x(0), y{0)) in a time 5 = Ine + where s = mod ^/e and 
remains bounded as e — )• : 

\Ms),yis)) - (x(0),y(0))|| < dole^^lne^ + V^)e-'^^ 

One obtains it by using the estimate 



dt < die^'^lne 



and being aware of the cyhnder is crumpled up to the order 0{E~'^) (see (j4.7|) ). As 
e*^ In e — )• as e — )• 0, by assuming d < 1/4 we let d' = (1 — u)d. Since the curve x{s) 
is c-static we have 



(4.12) 



(LG,(x(t),i;(t),t) - {c,x{s))+aGAc))dt 



< d,e''' 



Consider an orbit {x' (s) , p' (s)) in the Aubry set for c' G T na~^{e'^). This orbit must 
hit the energy level set Gj^{e'^) at the time |so| ^ This orbit also comes back to 
a small neighborhood of this point in a time S' approximately equal to A^^^ In e'^ + r^. 
Indeed, starting from the point {x'{so),p, (sq)) the orbit comes back to its small 
neighborhood in a time of order 0{\ In e*^!), along this piece of the orbit the variation 
of the energy is at most of order 0(6^*^1 Ine*^!). As the cylinder crumples at most of 
order 0{e~'^), the speed along these two orbit remains almost the same, namely, 

\\x{s) — x{s')\\ < e^o'-'^i ine°'| provided xi{s) = x'i{s'). 

It produces |5 - S"| < 0{e^'^\ Ine^'p). As x'{s) is c'-static, we have 
rS' 



(4.13) 



(La(x'(t),i;'(t),i) - {c',x'{s))+aGAc'))dt 



< d2e 



2d' 



One can easily see that 

r-S" rS 

{LGA^'{t),x'{t),t)dt- / {LGAx{t),x{t),t)dt 

Jo 



< dge^'^'-^llne'^p. 



and 



x{S)-x{0) 



S 



CO 



x'{S + So) - x'{so) 



S' 



< d4e^'^-''\lne'^\, 

< d4e'^'^-^\lne'^\, 



CO 



where lo' E ^(c'); ^ ^' denote the lift of the curve x and x' respectively. 
Subtracting (|4.13|) from (|4.12|) one then obtains that 

(4.14) |aG.(c)-aa(c')-(c-c',a;')| <d5e2^-nine"'|. 

On the other hand, as ||c — c'|| > dglaG^c) — aG^{c')\ = ^e'^/^ holds for c, c' G T, one 
obtains from (14. lip that 

OG, (c) - OG, (c') - (c - c', uj) > dee'^. 

It contradicts (I4.14p . This completes the proof. □ 



For d > satisfying the condition (14. 9p . going back to the original coordinates 
{E — eE, y = i/ep and s = i/er), we obtain 
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Theorem 4.2. Given a homology class g G Hi(T'^,'Z), there exist a wedge-shaped 

^0 



channel W C H'^{T'^,R) and a cylinders H C x such that for e < e]''^ 



1, this wedge-shaped channel reaches to certain small neighborhood of the flat Fq 
in the sense 

mina(c) — min aic) = DnC^'^'^, 

where Da > is independent of e. For each c G W the Mather set is contained in the 
cylinder: Aio{c) C H. For each c G W with a{c) > D^e'^^'^/'^ , the Aubry set stays in 
the cylinder. 

2, the cylinder li is invariant and normally hyperbolic for the Hamiltonian flow 
i?i(n,Z) = (jfZ. The invariance is in the sense that any orbit must pass through 

the bottom of the cylinder S n G~^{Dae^^'^) if, starting from the interior, it leaves 
the cylinder. 



Let us consider the autonomous Hamiltonian H with the form of (|4.1|) . Let Eq > 
uiinaH, G{x, y, r) be the function solves the equation H{x, y, X3, G{x, y, — X3)) = Eq. 
Then G has the form of ()4.1|) . Applying Theorem 13.41 one obtains 

Theorem 4.3. Assume Eq > minaH- For each g G -ffi(T^,Z), there exists an 3- 
dimensional cylinder ti^^^g C H^^{Eq) as well as a wedge-shaped regionW C a~^(£^o) 
such that 

1, Il^^g is a small deformation offl^^ where 

n° g = {{xu{x3 + xl),y^{xs + X3), X3, Gt(x^, Vu)) ■■ [xe] = 9, xs,xl G T}, 

Gt solves the equation HT{x,y,GT{x,y)) = Eq. The small deformation is in the 
sense that 

dH{nig,%g) < Dae'^'' 
where du denotes the Hausdorff distance between two sets; 

2, Iie,g is invariant for the Lagrange flow (j)*-^, namely, for each {x,x) G f^e,g, 

^ He^g provided 3 to < t such that (p\^{x,x) is at the boundary o/fle^g; 

3, for each c G int^^^ (Fi^^j) with C3 > Dae^^'^^'^ , the Aubry set is contained in that 
cylinder M{c) C H^.g/ 

4, f^e,g is normally hyperbolic for c/)^ with t = y^^- 



Finally, let us consider all rotation vectors vg with G (0,i^*]. It is generic that 
there are finitely many bifurcation points, denoted by ui,U2, - • • i^m- For each point 
< 7^ fj, the c-minimal measure is uniquely supported on a periodic orbit d'j,^, 
where c G ^/^^(z/i^). At those bifurcation points fj, the Mather set is composed by 
two minimal periodic orbits d'y~ and ^7^^. Let be the periodic orbit determined 
by in the phase space. For G (fj, i^i+i), these periodic orbits constitute a piece 
of cylinder Flj bounded by zjj and ZjJ_^_^. As all these periodic orbits are assumed 
hyperbolic, the cylinder Flj can be extended a little bit to contain periodic orbits 
which are hyperbolic also, but do not support minimal measure. They are local 
minimal. 
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These cylinders are obviously invariant and normally hyperbolic for the Hamilton- 
ian flow $g with large t. By applying the theorem of normally hyperbolic manifold, 
one can see that there exists some Ilj^e which is invariant for <I>^ for large A; € Z and 
keeps very close to Ilj. Restricted on each of these cylinders, $g is area-preserving 
and twist. 

Consider a path Tg-. [0, 1] — ?■ = U,^g[^^_5,;^.]=Sf^(i/(7). Except for finitely many Ui^^ 
very close to i^j, the time-l-section of the Mather set for rotation vector vg corresponds 
to an Aubry-Mather set in one of these cylinders, and for the rotation Vig it consists 
of two. 



4.4. Transition from double to single resonance. Some normally hyperbolic 

invariant cylinder has been shown to reach 0{^/e ^ )-neighborhood of the double 
resonant point. This cylinder extends to the place a bit far away from the double 
resonant point. To see how to transit from double resonance to single resonance, let 
us homogenize the Hamiltonian in a region ||y — yoll ^ 0{y/e) and changes yo- Such 
approach relies on the following: 

Proposition 4.2. For nearly integrable Lagrangian L{x,x,t) = £{x) + €ii{x,x,t), 
each orbit in Mather set (7, 7) 

||7(i) - 7(0)11 <0(V^), VtGR. 

The result is proved in [BK] for time-l-map. It is then obviously true for the 
Hamiltonian flow. It follows that \\y(t) — y(0)|| < 0{^/e). It makes possible for us to 
homogenize the Hamiltonian in the range ||y — yoll ^ d^/e with suitably large d > 0. 
Also using new variable y — Vo = \f^P and s = -v/er, the homogenized Hamiltonian 
equation turns out to be the following form 

dx bj . dp dV , , 

ds ye ds ox 

where A = (9^/i(yo), ^ = 9/i(yo) satisfies a resonant condition. This uj determines 
an integer K such that Ki>j is an irreducible integer vector g^. The corresponding 
Lagrangian reads 

L(...) = i(^-(.-^).(.-^))-VM 

With the potential Vix) on the torus one associates its time average \y\ along the 
orbits of the linear flow defined by x — )• x + 



1 



T 



\V\{x) = - V{x + ujt)dt, 

where T is the period of the frequency oj. The function [V] is then defined on a circle. 
Let xq be the minimal point of [V], it is a circle T C T^. The averaged Hamiltonian 
is also associated with a Lagrangian 

[L]{x,x) = \{a-'{x - (x - ^)) - [V]{x). 

Let Tui^e = K^/e be the period of the frequency w/y^, [y]ujy. [0,Ta,^e] be the 

minimizer of the action 



inf r^\L]idas))ds, 

[i]=9^ Jo 
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then it is a curve of maximal points of [V] with constant speed 'yoj,e = <^/V^- Consider 
[V] as a function defined on T^/F and denote by [V]" the second derivative for the 
variable of T^/T. 

Recall the normal form we obtained by several steps of KAM iteration. It remains 
valid in the region ||?/— ?/o|| = 0{e'^ /K), where yo is a double resonant point, a G y). 
Thus, the valid domain for the new action variable is \\p\\ < 0{e~^) with A G (g, jg). 
Let 7w,e: [OjTt^^e] — )■ be the minimizer of the action 

inf / 

[f]=9" Jo 

and let r + (5 denotes a translation of F such that d{T + (5, F) = 5, then we have 

Proposition 4.3. Assume —\V] is non- degenerate at its minimal point — \V]" > A, 
and assume some A > exists so that T^j^g = e'^. Then some constant D,D' > 
exists such that the minimizer ■joj,e entirely stays in De^ -neighborhood of the circle 
T + S, i.e. d(7(s), F + (5) < De^ holds for each s e [0, e^] and \S\ < D'e^l'^. 



Proof. Since the minimizer solves the Lagrange equation, its second derivative remains 
bounded ||7aj,e|| < oi- Thus, as the first step, we claim that the minimizer stays 
entirely in De^-neighborhood of F + d, a translation of the circle F. Otherwise, there 
would be a point on the minimizer where ||7a;,e — w/-\/e|| > a,iT>. Since the potential 
is bounded \y\ < a^, one obtains that ^L(7aj,e) > {a^D — ai3)e'^. On the other hand, 
the action along the curve 7(i) = xq + ioj ^t would be not bigger then a^^e^. Thus, 
7tj,e would be not a minimizer '\i D > 2aJ^a3. 

Let us compare the action of L along the curve ^^^^ with that along the curve [7)0), e- 
Since d{^^^^^{^s).,V) > a^e'^^'^, some xi G T^/F exists such that 

\luj,e{t) - {xi+uj'V^^t)\ < aee^, \{xi - xo)/F| > D'e^/\ 
It follows that 

1 

- {y{^^,S)) -V{xQ + oj/^et)yt 
(y{^^A'f^))-V{xi+uj/^et))dt 



> 

/o 



+ {-[V]{x,) + [V]{xo))e' 



which is positive provided > is suitably large, but it contradicts the minimality 
of the curve 'yu>,e- D 



Note the picture of minimal periodic orbit close to double resonance, one can see 
from this proposition how the shape of the periodic orbit changes when it moves away 
from double resonance to single resonance. 
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5. Annulus of incomplete intersection 



Let us also start with the Hamiltonian G defined by Formula (j4.2p . it has two 
and half degrees of freedom. Given any two homology class g^g' G i?i(T^,Z), The 
theorem 14.21 confirms the existence of two wedge-shaped regions W and W which 
reach to the boundary of the annulus 



For each class in W and W, the Aubry set lies in the normally hyperbolic cylinder 
and can be connected to other Aubry set lying in the cylinder also. However, it seems 
unclear whether these two wedges can reach to the flat Fq. Thus, a notable difficulty 
rises as these cylinders are separated by Aq around the flat Fq, it is the problem of 
crossing double resonance. 

It is the goal of this section to find an annulus A ^ Aq where those two wedge- 
shaped regions are plugged into and for each class in that annulus, the stable set 
of the Aubry set "intersects" the unstable set non-trivially, possibly incomplete. In 
other words, for each class in this region, the Mane set does not cover the whole 
configuration space. 

5.1. The Maiie set for c G d*¥Q. As the first step, let us consider the homoge- 
nized Hamiltonian G and investigate all cases when the Mane set covers the whole 
configuration space. 

For each c G (?*Fo, there are at least two ergodic minimal measures /i, /ic and some 
c-static curve exists such tat 



Remember that /i is supported on the fixed point (x, y) = 0. If there are two different 
ergodic measures fic and fi'^, the origin x = lies in a strip bounded by c-static curves 

and Some d > exists such that is contained in the interior of the strip. 
By suitably choosing finite covering space one can assume the existence of these two 
curves. Let and denote the elementary weak KAM solution determined by 

and respectively, we investigate what happens when U~ — U^'^ = holds in 
this strip. As the configuration space is two dimensional, for each x in this region, 
{x,y) = {x,dU~ (x)) = {x^dU'f^ {x)) uniquely determines a c-semi static curve which 
lies entirely in this strip. The c-semi static curves considered in this subsection are 
determined by U~ = U'^ . It is possible that some curve approaches to the origin as 
t — )• oo(— oo), in this case, it approaches to the curve £,c (Cc) as t — )• — oo(oo). 

Supported on the fixed point, the minimal measure /x is minimal for all c G Fq. 
Thus, there always exists some semi-static curve 7^ connecting the fixed point to the 
support of /ic for each c G 9*Fo 



c G H^{M,M) : < a(c) - mina < De 



1 




supple = [J{^c{t),L{t))- 




lim 7c (i) = 0, and lim 7^ (i) supp^Uc. 



As all eigenvalues are assumed different, it is generic that all minimal homoclinic 
curves approach to the fixed point in the direction Ai^^;, associated to the smallest 
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eigenvalue, in the sense that 



lim = ±Aix. 



But this does not exclude the possibility that some c-semi static curves approach to 
the point in the direction of A2^x ■ It provides us a criterion to classify the cases when 
the Mahe set covers the configuration manifold. 

Case 1: no c-static curve approaches the origin in the direction of Ai^^. As |Ai| < IA2I, 
in this case, there exist exactly two static curves 7^ such that 7^(t) — )• as t — )• itcxD. 
They approach the origin in the direction A2^x and 

hm , = lim — . 

\hc{t)\\ t^-'^ \h 



Other cases are classified under the condition that there exist some c-static curves 
approaching to the origin in the direction of Ai^^,- Since the curves as well as is 
disjoint with the origin, some number 6 > exists such that these two curves do not 
hit the ball -6,5 (0). Of course, 6 may depend on c. Let 7^ be such a curve approaching 
the origin as t — )• 00, it intersects the circle ^^^(O) at some point. Let C dBs{0) 
be such a set that passing through each point x G a unique c-static curve 7c,x 
approaches to the origin, as t — )• ±00, in the direction of Ai^^. By assumption, the 
set is not empty. Obviously, I"*" does not occupy the whole circle and can be made 
closed by adding at most two points, through which some semi-static curves approach 
the origin in the direction of A2^x- 

For a point x £ dBs{0) very close to I"*", there is a unique c-semi static curve, 
determined by U~ = U'^ ^ passing through this point. Because of Proposition 13.21 
the curve 7c gets very close to the origin and leaves in a direction far away from 
Ai^a;. Let if be a connected component of /"*", it may be a point or an interval. If 
it is a point, the c-semi static curve approaches the origin in the direction of A2,x- 
Let Xi,x[ e dBs{'S) be two sequence of points such that Xi approaches if from one 
side and x[ approaches if from other side. Let 7, and 7^' be the c-semi static curves 
determined by Xi and x[ respectively, then some G dBs{0) exist such that 7^ 

ili) approaches to x~ {x'~) respectively as i — )■ 00. 

If x~ = x'" , it corresponds to a c-semi static curve which approaches to the origin 
as t — )• —00. Clearly, it approaches in the direction of A2^x, guaranteed by Proposition 
13. 2i This leads to 

Case 2: there exists exactly one c-semi static curve approaching to origin in the 
direction of A2,x- 

If x" 7^ x'^, let /~ denote the arc bounded by these two points and does not 
contain if . One can see from the proof of Proposition 13.21 that the angle of this 
arc is not smaller than tt/2. Passing from each point in the interior of the arc, the 
c-semi static curve approaches to the origin as t — ?■ — c«. Obviously, these curves 
constitute a sector where U~ = U^^ = U~ , as the orbits determined by these curves 
entirely lie in the unstable manifold of the fixed point. Since the fixed point is 
hyperbolic, it has its stable and unstable manifolds and some d > exists such 
that keeps horizontal in i?rf(0), namely, some generating function exists such 



58 



C.-Q. CHENG 



that Wq Ibj(o) = graphic/ I B^(o)- Therefore, the size of the sector-shaped region is 
independent of the size of S. This leads to 

Case 3: in the disk i?d(0) there is a sector-shaped region with the filed angle not 
smaller than 7r/2, where = U'^ = U~ . 

Let 7^ (7~) be c-semi static curve passing through a point in (/r) respectively, 
then they approach to the origin in opposite direction as t — t- ±00 respectively, i.e. 
limf^oo7(^(t)||7(^(i)ir^ = limt^_oo 7,7 (0117(7(0 11"^ • To verify this claim, let us as- 
sume the contrary. Thus, these two curves cut the ball into two parts, one is 
a sharp wedge-shaped, denoted by W . We choose a c-semi static curve lying in W 
and keeping very close to the curves 7" and 7^. In canonical coordinates such that 
G = \{p\ — Aixf ) + i(p2 — ^2X2) + 0(||(a;,p)p), the set W has a vertex at the origin 
and for each point x = (xi,X2) G one has \x2\ < ^l^il where > is very small. 
Since the fixed point is hyperbolic, it has local stable and unstable manifold, deter- 



mined by the generating functions and respectively. Restricted in W , these 
functions satisfy the condition 

\2 \2 

U- {x) - U- > ^\\xf , C/+(0) - C/+(x) > , V||x||<(5. 

Pick up two points x and x' very close to 7^ respectively, through which some c-semi 
static curve 7c passes, namely, some t' > t exist such that 7c(i) = x and 7c(i') = x'. 
Note the orbit determined by 7^ (7^) lies in the stable (unstable) manifold, by 
definition ones has 

Ahc\[t,t']] > lu-{x') - U+{x) > ^{\\x'f + \\xf). 

If we choose x sharing the same first coordinate with x' and connect them with a 
straight line (,: [0,^] — t- T^, then \(\ < 0(1) and the action along this curve one has 
^[C] ^ 0{9). It contradicts the minimality of 7c, thus the claim is proved. 

It follows that has only one connected component in this case. If not, let be 
another connected component adjacent to if . Let 7^ be a c-semi static curve passing 
through if and let 7^ be also a c-semi static curve passing through a point between 
if and if and very close to if . By definition, approaches to origin as t — )• 00, it 
implies that 7^ would intersect 7i somewhere near the origin. It is absurd. Thus, we 
obtain the left picture in Figure [6l 

By similar argument applying to the set I~ , we have either the case 2 again or 

Case 4: in the disk i?d(0) there is a sector-shaped region with the filed angle not 
smaller than 7r/2, where = U'^ = C/"*", see the right picture in Figure [6l 

We claim that all of these cases do not occur for generic potential V . The first 
two cases takes place at most for four invariant measures, as there are four curves 
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Figure 6. 



only which approaches to the origin in the direction of ^2,x- Each of these curves 
approaches at most to one Mather set. These Mather set corresponds to at most four 
sub-flats. Let V5 — F be a non-negative function such that its support does not touch 
these four curves as well as the support of the minimal measure. By perturbing the 
potential F — > V5, one can see that Mane set does not cover for these cohomology 
classes. 

The case 3 and 4 take place for at most four Mather sets also, as each sector-shaped 
region has the field angle bigger than it/2, and the orbit determined by (x,?/) = 

{x,dxU^) can approaches to one Mather set only. Let us dcstruct it one by one. If 
some sector-shaped region C -Bd(O) exists where U~ = U'^ = ?7+, consequently, 
M{c) n 5+ = 0. We divide it into three sub-sectors 5+ = U 5*^ U 5^, each of 
which is composed by c-scmi static curves approaching to the origin as t ^ 00 and 
Sf is disjoint with . We introduce another potential such that the function 
Vs — V \s non-negative, supp(V5 — V)c. S'^\i?d^ {di < d). 

For the perturbed Hamiltonian Gs = \{Ap,p) + Vi{x), the minimal measure for 
the class c is the same as that for unperturbed Hamiltonian. Let U~^, U'^^ be the 
elementary weak KAM solutions of the perturbed Hamiltonian, associated to the 
minimal measure jic and /x^ respectively, one has 

arg min([/-5 - U'+^) n sn^Vs -V) = 0, arg mm{U-g - U'+) D S+ U S+. 

Under such perturbation, there might be another cohomology class c' such that 
U~J — U'f = holds on the whole torus and a sector S~ exists where UZ = U't = U~ . 
Clearly, M.{d)nS~ = 0. Again, we divide it into three sub-sectors S" = U5^US'J, 
each of which is composed by c'-semi static curves approaching to the origin as t — t- 
— 00 and is disjoint with . We introduce again a perturbed potential V5 such 
that the function Vg — V is non-negative, supp(V5 — V) C S2\Bdi (c?i < d). 

For the new perturbed Hamiltonian, the minimal measure for the class c' is the 
same as that for unperturbed Hamiltonian. Let g, U'J^g be the elementary weak 
KAM solutions of the perturbed Hamiltonian, associated to the minimal measure ^c' 
and /x^, respectively, one has 

arg mm{UJg - U'+g) n supp(F5 -V) = 0, arg mm{UJg - U'+g) D 5f U . 

For suitably small d > 0, the Hamiltonian flow determined by G is well approx- 
imated by its linearized flow when they are restricted in the ball -6^(0). While for 
the linearized flow, one obtains an orbit in the stable manifold {x{—t),—y{—t)) if 
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{x{t),y(t)) is an orbit in the unstable manifold. Therefore, by choosing S2 carefully, 
one can find C {k = 1,3) such that each is composed by c-semi static 
curves which approach to the origin as t — )• 00 with 

arg min(C/-5 - U[+) D 5+ U 5+, arg mmiU-^ - [/^+) n suppiVs -V) = 0, 

each 5*^ is composed by c'-semi static curves which approach to the origin as t — )• —00 
and 

arg mm{U;jg - U'/^g) D U , arg min(C/J ^ - U'/J H snpp{Vs -V) = 0. 

Since there are at most two sectors corresponding to unstable manifold and two sectors 
corresponding to stable manifold, there are at most four pairs of minimal measure 
{fici,IJ''c ) {i = 1)2,3,4) for which the case 3 and 4 takes place. By the construction 
of potential in this way, one can claim that 

Lemma 5.1. It is an open and dense condition for the potential V that for all class 
c £ (?*Fo, the Mane set does not cover the torus: M{c) C T^. 

Indeed, these four pairs of minimal measure (iJ-a, l^'a) = 1; 2, 3, 4) corresponds to 
four sub-flats contained in 5*Fo (each sub-flat may be just a point). For any other 
class c G 9*Fo, the Mane set can not cover the whole torus also. Otherwise, there 
would be a sector of Bd{0) where where U~ = U'^ = U^, but it is absurd since 
some Sf C where U~ = U^f = holds for some i G (1,2,3,4). For each 
X G sf, {x,v = dyG{x,dU^{x)) determines an orbit of the Lagrangian flow which 
approaches both to the support of and to the support of /Xc as t — )• ±00, it is 
impossible. 



5.2. The Mane set for c G 5Fo\9*Fo. What remains to consider is when c G 
9Fo\5*Fo. Let us note that it contains at most countably many vertexes. Indeed, if 
both 9Fo\5*Fo and d*¥o are non-empty, there do exist countably many vertexes (cf. 
Theorem [331) • 

Let Ei C 9Fo\5*Fo be a sub-flat joined to other two sub-flats at the vertex Cj, q+i 
respectively. By Theorem 13. 31 the Aubry set for cj consists of two minimal homoclinic 
curves "fj-i and 7-,-. Denote by gj G the homology class of 7^, then the matrix 
{gj-i,gj) is uni-module. By introducing suitable coordinates on T^, we can assume 
gi = (1,0). In this coordinate system, gi^i = {k, 1) and gi+i = {k' , —1). 




I I I 



Figure 7. 

In this figure, each unit square represents a fundamental domain of in the 
universal covering space, the horizontal line represents the lift of the homoclinic curve 
7j, which stays in the Aubry set for each c £ Ei. The blue dashed lines represent the 
lift of the 7i_i which stays in the Abury set for the class at one end-point of Ei. The 
purple dashed lines represents the lift of the 7i+i which stays in the Abury set for 
the class at another end-point of E^. 



ARNOLD DIFFUSION IN A PRIORI STABLE SYSTEMS 



61 



Let US consider weak KAM solution in the strip bounded by the hues 
and L_, U^^ determines backward semi-static curves approaching to the Une L± 
as the time approaches to minus infinity, determines forward semi-static curves 
approaching to the Hnc as the time approaches to positive infinity respectively. 
These functions are independent of c G Ei. Indeed, if they depends on c, there 
would be c, c' G Ei and two forward semi-static curves ^oCc'- ^+ such that 

ec(0) = ec'(0) and 

Al{^cAc) - (Cc(oo) - Cc(0),c') >AL{ic'Ac') - (Cc'(oo) - Cc'(0),c'), 
AL^icAc) - (Cc(oo) - ^e(0),c) <AL{ic'Ac') - (Cc'(oo) - Cc'(0),c). 

It induces (^c(oo) — CcK^)' c — c') > 0. But on the other hand {gi,c — cf) = holds 
for any c, c' G Ei, the contradiction verifies our claim. 

If we remove the coercive condition on these weak KAM solutions that {x, dU^{x)) 
determines a backward (forward) semi-static curve which must approach to (L- ) , 
then the weak KAM depends on c G In other words, let us consider the weak KAM 
on cylinder M x T. Indeed, for each c G intEi, we have Ac{'-fi±i) > 0. Thus, starting 
from a point very close to the line L+ the backward (forward) semi-static curve 

will approach to (L^). 

Let cx = Xci + (1 — A)cj+i. For each A G (0, 1), the strip is divided into two parts 
and such that U^Jj^+ = U^_^_ and U^Jj^- = U^_. Let 7^"^ be the forward 

semi-static curve determined by Uj^^, starting from x. If x G D^, then 
- (7^+(oo) - x,cx) < Al(7+_) - (7^_(oo) - x,cx). 

For A' > A, we have 

{lx,+ i°°) - lx-i°o),cx' - cx) > 0. 
It implies x G Dy also. Clearly, expands and shrinks as A increases. As the 
limit, we see that and occupies the whole strip. Therefore, we have: 

Proposition 5.1. Assume Ei C c)Fo\(?*Fo be a sub-flat joined to other two sub-flats 
at the vertex Ci, Cj+i respectively. Let Up be the globally elementary weak KAM for 

Cx = Cj with j = i,i + 1. Then, for each c = Ac,; + (1 — A)cj+i G Ei, the weak 
KAM solution is totally determined by and U^-^ in the following sense: there is 
a partition = D^^ U ^ such that 

where Df^ C , and , D Df_^^ ,^, if \ < \' , and L>± ^ „ = D^, = T^. 



In virtue of this lemma, we see that, for all c G (?Fo\9*Fo, the set of barrier 
functions {Uc — U^} are determined by countably many weak KAM solutions. For 
each sub-fiat Ei, there is an open-dense set in space such that if the potential V 
takes value in this set, then argmin(i7c — U^) C T'^ holds for each c e Ei. 

Theorem 5.1. Let L = ^{A-'^±,±) - V{x). A residual set 03 C C"'(T2,R) exists 
such that for each G 53 the following holds: for each c G d¥o, the Mane set does 
not cover the whole configuration space: argmin(J7^ — U^) C T^. 



Therefore, the following is also a generic property: 
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H5: The potential V is chosen so that the Marie set does not cover the whole torus 
M{c) C t2 for each c£d¥o. 

5.3. Thickness of the annulus. The Hamiltonian we study is given by (14. ID . To 

start with, let us study elementary weak KAM solutions of the Hamilton-Jacobi 
equation 

(5.1) drU + G{x,T,dxU + c) = eA, cedWo 

by assuming mino = 0. Where G solves the equation H{x,X3,y,G) = E and r = 
— X3. Expanding the Hamiltonian into Taylor series of e, replacing u by ^/eu and 
rescaling r by s = \/er we obtain the equation 



where A is the Hessian matrix of /i in y at y = 0, V{x) = Z{x, 0). In this equation, 
only higher order term depends on the time s. As the first step to study the weak 
KAM of this Hamilton-Jacobi equation, we omit the higher order term and let A = 0. 
Since the potential V is independent of the time s, all weak KAM solutions solve the 
homogenized equation 



with A = 0. According to the study in the last two sub-sections, for each y G C 
C^(T^,M) and each c G QFq, the weak KAM solutions of this equation define a Mafie 
set which does not cover the whole torus: argmin({7~ — U'^'^) C T^. By the upper 
semi-continuity of the set of semi-static curves, some small Ag > exists such that 
for each positive A < Aq and each c G a^^(A) (We use to denote the a-function 
for the Lagrangian determined by the Hamiltonian G) the Marie set does not cover 
the torus. It implies that argmin(C/~ — U^'^) C holds if c G ctQ^A), both U^T and 
C/^"^ are the weak KAM solutions of the equation 15.31 with A < Aq. 

For each average action A > minag, the dynamics on the energy level G'^^(A) is 
similar to twist and area-preserving maps. First of all, the rotation vector of each 
minimal measure is not zero, consequently, it is not supported on fixed points. Second, 
for each class c G ag^(A), all c- minimal measures share the same rotation rotation 
direction, otherwise, the Lipschitz graph property will be violated. If the rotation 
direction is rational, the minimal measure is supported on periodic orbit. 

From these properties one can see the following: for each c G ag^(A), there exists 
a circle Fc C such that each semi-static curve passes through it transversally and 
argmin(C/~ — [/+) fl Fc ^ Fc. Since the set argmin(C/~ — U^) is closed, there exist 



finitely many intervals /j C Fc disjoint to each other such that (argmin(C/c ~ f^c^) ^ 
Fc) C Uli. 



As these functions are independent of s = ^/eT, all of these functions can be thought 
as the weak KAM solutions of the homogenized Hamilton-Jacobi equation 



if they are thought as the function of the variable (x, s). Here, the cohomology class 
takes value on the circle: c G ag^(A). It follows that, for each class c G ag^(A), there 
exists non-degenerate embedded two-torus Fc x T C and finitely many intervals 



(5.2) 




(5.3) 





ARNOLD DIFFUSION IN A PRIORI STABLE SYSTEMS 



63 



li C Tc disjoint to each other such that each c-semi-static curve passes through the 
two-torus transversally and argmin(C/~ — U^) H Fc x T C U/j x T. Here the circle T 
is for the time s = y/er. 

Let us come back to the Hamilton- Jacobi equation (|5.2p . Recall the normal form 
of the Hamiltonian, we see that in the remainder 0{y/e), one contribution is from 
R' {x, ^/ep, ^/e s), other contributions are independent of r. Again, by the upper 
semi-continuity of the set of semi-static curves, we have 

Theorem 5.2. Under the hypotheses (H1~H3, H5), some positive numbers Aq > 
and eq > exist, depending on the potential V , such that for each A < Aq, each 
e < eo and each c G q""'^(A), all semi-static curves pass through transversally the 
two-torus Tc X {s G T}, 

(5.4) argmin(C/c" - C/+) n {Tc x {s = const.}) C [J Ic,i 

where Tc is a circle restricted in a 2-torus {s = constant} C T^, Ic^i C Tc are closed 
intervals, disjoint to each other and independent of the time s. 

Here, the semi-static curves are in the sense of extended configuration space, i.e. 
if 7 : M — )■ M is a curve, we call its graph a curve also 7(5) = (7(5), s) G M x T. 

Let us go back to the original scale. By Theorem 1 5. 2 ^ there exist a annulus-shaped 
region 

A = {c : < aG{c) — minac < eAo} 

such that Condition 15.41 holds for each c G A. Recall this time-periodic system is 
deduced from the autonomous system restricted on certain energy level H~^{E). In 
virtue of Theorem 13.41 the counterpart of A in //^(T^,M) is 

A' = {c= (c,C3) G Q-^(^) : < C3 < eAo}, 

where we notice that the sphere a~^{E) is located in the upper half space of and 
touches the plane {03 = 0} where c G Fq. 

In the original coordinates {x,y) = (x,X3,y, ys). Theorem 15.21 states such a fact: 
for each c G A, all c-semi static curves pass through the 2-torus Tc x {xs G T} 
transversally and all intersection points are restricted in the strips U/c,j x {xs G T}. 
However, the condition 15.41 dost not guarantee complete "intersection" of the stable 
set with unstable set, in that case, the set argmin(C/~ — C/+) n {r = 0} contains some 
disconnected points. Therefore, we call A the annulus of incomplete intersection. In 
this case, we do not expect to construct orbits connecting each Aubry set to any 
other Aubry set nearby, the incompleteness blocks some direction. However, once 
non-trivial intersection exists, it opens way to connect some Aubry set nearby. One 
can see it in the subsection 7.2. 

As eAo ^ L)ei+(^'^2)o- provided e > is sufficiently small, we obtained 

Overlap Property: For any two irreducible g,g' G i/i(T^,Z), there exists eo = 
eo(y,g,g') > such that the wedge-shaped regions intersects the annulus-shaped re- 
gion: W n A / and W n A provided < e < eo- 



64 



C.-Q. CHENG 



6. Local connecting orbits 



To construct orbits connecting some Aubry set to another Aubry set nearby, we 
introduce two types of modified Tonelli Lagrangian, i.e. the time-step and the space- 
step Lagrangian. They satisfy the conditions of the positive definiteness, the super- 
Unear growth and the completeness. The time-step Lagrangian L : TM x M — >■ M is 
not periodic in t on the whole R, instead, it is periodic when it is restricted either 
on (—00,— (5) or on (5, 00), namely, L{-,t) = L{-,t + 1) ii t,t + 1 G (—00, —(5) or 
t,t + 1 G ((5, 00). The second type of Lagrangian is defined on some covering space. 
Let TTi : M = M X T"-^ M. The space-step Lagrangian L : TM x T ^ M is 
not periodic in one component of spaces coordinates xi. It is periodic in xi when 
it is restricted either on {—00,— 6) or on {6,00), namely, L(xi,-) = L{xi + 1,-) if 
xi, a;i -|- 1 G (—00, —S) or xi , xi -|- 1 G {S, 00). 

The existence of local connecting orbits is established based on some upper semi- 
continuity of minimal curves for the modified Lagrangian. 

6.1. Upper semi-continuity of minimal curves. Time-step Lagrangian: Let 

us consider time-step Lagrangian first. A curve 7 : M — > M is called minimal if 



holds for any r < r' and for any absolutely continuous curve ( : [r, t'] — t- M with 
({t) = 7(t) and C(''"') = ^i'^')- Let "^(L) denote the set of minimal curves for L. 
Let g{L) = U7e?^(L)(7(*)'7W'*)' ^i^) = T^Qi^) where tt : TM x M ^ M x M is the 
standard projection. 

Theorem 6.1. The set-valued map L — >■ ^(L) is upper semi-continuous. Conse- 
quently, the map L — >■ Q{L) is also upper semi-continuous. 

Proof. Let K be the diameter of the closed manifold M, namely. 



where £{x,x') denotes the length of the shortest geodesic connecting x with x'. Let 



As L is assumed periodic for t < as well as for t > 1, iCi is finite. 

Given time interval [r, r'] with t' — t> 1, we re-parameterize the shortest geodesic 
7(s) by 7'(£(a;,x')(t-r)/(r'-r)), then 7': [r,r'] ^ M is C^-curve such that 7' (a) = 
X, 7' (a) = x' . Clearly, the action along this curve is not bigger than K\{t' — r). 
Obviously, there is an upper bound uniformly for all minimizing action of V if it is 
close to L on {||i;|| < K}, still denoted by 



If the Lagrangian is assumed super-linear growth, some positive numbers C, D > 
exist such that L'{x,x,t) > C\\x\\ — D for all {x,x,t) G TM x M and for all L' close 




K = max £(x, x') 



sup L{x,v,t). 



(x,t)eMxM. 
\\v\\<K 



hL'{ix,T),{x',T'))<Ki{r' -t). 
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to L. Thus, one obtains 

if 7 is a minimizer. As ()6.ip holds for any r' — r > 1, it imphes that there must be 
some ti G [r + i,r + z + 1] (i G Z) such that \\i{ti)\\ < C'^-^^i + D). As it holds for 
any x, x' G M, therefore, K2 > exists such that 

(l)''(^^x,v,ti : ||w|| < — }) ^ \^x,v,ti + s : \\v\\ < 

holds for all s G [0,2] and for all relevant i. It implies that ||7(t)|| < K2 holds for all 
tG[r,r']. 

Let Li G C'^{TM x M,R) be a sequence converging to L in the following sense: 
there exists some Uk 3 {x, v, t : \\v\\ < K2}, as well as a sequence of — )■ as i — >• 00 
such that \\L — Lj||(^2(-j/^ < e^. Let 7j: [r, r'] — ?■ M be the minimizer of Lj with 
r' — r > 1, we then have ||7j(t)|| < K2 for all t G [t, r']. The set {7^} is compact in 
the C^([r, r'], M)-topology. Indeed, since d'^L/dx^ is positive definite one can write 
the Lagrange equations in the form of x = f{x,x,t), which implies 7^ is bounded in 
C^-topology. 

Let 7: [r, r'] — t- M be one of the accumulation points of this set. Clearly, 7: 
[r, r'] — >• M is the minimizer of L. Let li = [tj, r^'] and let Tj — >• —00 and r^' — >• 00, we 
obtain a sequence of minimizers of Li, 7^: — >• M. By diagonal extraction argument 
some subsequence of 7^ which converges C^-uniformly on each compact set to a C^- 
curve 7: M — )■ M which is the minimizer of L on any compact interval of M. This 
proves the upper semi-continuity. □ 



In application, the set '^{L) seems too big for the construction of connecting orbits. 
For time-periodic Lagrangian, Mane set can be a proper subset of G{L), M{L) C Q{c). 
It is closely related to the problem whether the Lax-Oleinik semi-group converges or 
not (cf. |FMj ). For time-step Lagrangian, pseudo connecting curve is introduced to 
play roles similar to what semi-static curve does. 

Each time-step Lagrangian L uniquely determines two time-periodic Lagrangian 
and such that L~^\[5^oo) = ^l{5,oo) ^iid = L\i^_^_^y Let — 

denote the minimal average action of . For mo,m-i G M, we define 

/i^°''^'(mo,mi) = inf / L{d-i{t),t)dt + Taa~ +Tia^ . 

7(-To) = mo J-Tn 
7(Ti) = mi 

Clearly the limit infimum is bounded 

|/i'^(mo, mi)| = I liminf hj^^' ^ [mQ,mi)\ < 00. 
To,Ti— >-oo 

Let {?o}jgz^ and be the sequence of positive integers such that — )• 00 

(j = 0, 1) as i — )> 00 and the following limit exists 

lim hj°' '(mo, mi) = h'^(mQ,mi). 
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Let 7j(t, mo, mi): [— Tg,T{] — )• M be a minimizer connecting mo and mi 

(mo, mi) = / L{d-ii{t),t)dt + To^Q- + r{a+. 

From the proof of Theorem 16.11 one can see that for any compact interval [a, h] there 
is some / S Z+ such that the set {7i}i>/ is pre-compact in C^([a, 6], M). 

Lemma 6.1. Let 7; M — t- M &e an accumulation point o/{7i}. If s,t > 5 then 



.2) A^(^|[_s,r]) = inf / L{dj*{t),t)dt 



n 



S , T]^ > 5 

7*{-si) = 7(-s) 
7*(rx) = 7(T) 

+ (si - s)q" + (ti - T)a+. 

Proof. : To prove the lemma let us suppose the contrary. Thus there would exist 
A > 0, si, Ti > (5, si — s G Z, Ti — r E Z and a curve 7*: [si,ti] — )• M with 
7*(-si) = 7(-s), 7*(t) = 7(ti) such that 

ALi7\[s,r]) > I ' L{d-f*{t),t)dt + {si-s)a- + {Ti-T)a+ + A. 

J -SI 

Let e = ^A. By the definition of limit infimum there exist Tq° > s and T^" > r such 
that 

/i^O'^^(mo,mi) > /if (mo,mi) - e, V To > T^«, Ti > , 

there exist subsequences Tj* (j = 0, 1; /c = 0, 1, 2, • • • ) such that Tq'' — Tq° > |s — si|, 
rpik >\r-Ti\ and 

Ih^" ' 1 (mo, mi) - hf{mo,mi)\ < e 

holds for each A: > 0. Let 7,^, be the minimizer of hj^ ' ^ (mo, mi). By taking a 
subsequence further one can assume 7^^ — >• 7. In this case, for sufficiently large k 
we can construct a curve 7*^: [si,ri] — )■ M which has the same endpoints as ^i^: 
7ifc('Si) = 7jfc('S), 7ifc(n) = HkiT) and satisfies the following 

ALhiJs,T]) > ^ ' L{d%{t),t)dt + {si - s)a- + (ri - r)a+ + ^A. 

Extending 7*^ from [si,ri] to the [— Tg* — (si — s),T^'° + (ti — r)] by 

7jfc(* + si-s), i<-si, 
74 (t), -si<t<n, 
Jiki^-n + r), t>Ti, 

and defining Tq = Tq*" + (si — s), T{ = T'[^ + (ri — r) we find that 

/i^»'^Hmo,mi) <AL{ll\[-Tl,,T[\) + %a- +T[a+ 

<AL{l^,\[-r^\Tl''])+Ti;'a- +Tl''a+ - ^A 
</i|f(mo,mi) - 2e. 

But this contradicts the definition of the limit infimum as Tq > To and T[ >Ti. □ 



7f 
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We define so-called pseudo connecting curve set 

= {7 G W{L) : ^ hold }. 

In application, we usually choose time-step Lagrangian so that the Aubry set of L~ 
is different from that of L~^. Clearly, for 7 G ^{L), the orbit {'y{t),'y{t)) approaches 
to the Aubry set A{L~) as t — )• —00 and approaches to A{L^) as t — )■ 00. That is 
why we call it pseudo connecting curve. Let 

C(L)= U (7(t),7(t),t), C(L)= U m,t). 

Clearly, if L is periodic in t, then C{L) = M{L) and C{L) = N{L). 
Theorem 6.2. The map L — t- '^{L) is upper semi- continuous. 

Proof. : Let Lj — )• L be a sequence of time-step Lagrangian, let 7^ G ^{Li) and let 7 
be an accumulation point of the set {"fi G '^(it)}jez+- We claim that 7 G ^(L). If 
7 ^ ^{L), there would be two point 7(5), 7(r) G M connected by another curve 7*: 
[s + ni,T + 712] — )• M and A > such that 

[s, t]) < Al{-/*) + ma- + n2a+ - A 

where s, s + ni < —5, r, r + 77-2 > Since 7 is an accumulation point of 7^, for any 
small e > 0, there would be sufficiently large i such that II7 — 7j||ci[s,t] < s-i^d above 
inequality also holds for AL^i^jilis^T]- It follows that 7^ ^ '^{Li) but that is absurd. □ 

As an immediate consequence, the map c — t- N{c) as well as the map c — ?• N{c) is 
upper semi-continuous. 

Space-step Lagrangian: Let M = T" and vri : M = M x T"^^ — )■ M, where M is for 
the coordinate xi. The space-step Lagrangian L is introduced to handle the problem 
of incomplete intersection. It also uniquely determines two Lagrangian L~ and L"*": 
TM such that L-{xi, •)|(-oo,-5) = L{xi, •)|(-oo -5) and L+(xi, ■)\s,oo) = L{xi, •)|(5,oo) 
if we treat as its natural lift to TM. Let //^ denote minimal measure of with 
0-cohomology class, u}{fi^) = {u}i{fi^), ■ ■ ■ denote the rotation vector. We 

assume some conditions on the Lagrangian: 

1, LOi{fi^) > for each ergodic minimal measure /i^; 

2, a^-(O) = a^+(0), without losing of generality, it equals zero. 

3, \L--L+\ < imin^,=o{/3L-(^'),/3L+(^')}- 

It is shown in |Lxj that some coordinates exists such that the first condition holds 
provided a(0) > mina. The third condition makes sense because > implies 

inf^j(^)=Q J L^dfx > inf J L^d/j,. To introduce minimal curve for space-Lagrangian, 
we define 

rT 

/t^(mo,mi)= inf / L{^{t),^{t))dt. 

7(-T) = mo J —T 

where fhQ,rhi G M. 
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Lemma 6.2. If the rotation vector of each ergodic minimal measure has positive first 
component uji{fi^) > 0, mo 7^ ^i, then 

lim hT(fho,fhi) = oo and lim /iT(mo,m,i) = oo. 

T->0 T— s>oo 



Proof. The case for T — t- is an immediate consequence of the super-hnear growth 
of L in X. 

Let 7^: [— T, T] — )■ M be the minimizer of hJ^{rhQ,rhi). Let mo = vrimo, mi = 
TTimi, [0,1] — )• M be a smooth curve connecting mi to mo, C(0) = 7^(7") and 
= ^J^{—T). The action of L+ along C is clearly bounded, thus for any e > 0, one 
has Aj;^+ {() < 2Te provided T is sufficiently large. The curve C = C * "^iTl uniquely 
determines a holonomic probability measure uj^ ^ S) such that 

holds for each / G C(rM x T). Clearly, a;i(z^J) ^ as T ^ oo. 

1 -I- 1 /■ 1 /"^ 

—hl{mo,m,)=^- J L+dvl- — L+{C{t),Cmt 
+ ^ l\L-L+M{t),^Ut))dt 
> I L^dul - ]- min /3i+(a;) - e 
>\ min /3i+(w) > 0. 

It follows that limj'-j.oo hJ^{fho,fhi) = oo. □ 



As an intermediate step in introducing pseudo-connecting curve, we define a set of 
minimal curve ^{L)- 

Definition 6.1. A curve ^ ^ M is in '^{L) if 

Al(7|[-t,t]) = inf /ir(7(-r),7(r)). 

1 GKo- 



We claim that 'i^{L) ^ 0. Indeed, denote by 7L(-,mo,mi) : [—T,T] — )■ M the 
minimizer such that jl{—T) = friQ, 7l(T) = mi and 

A{jl)= [ L{^L{t),lL{t))dt= ini hl'{m,m'). 

Because of Lemma \ij.2\ this infimum is attained for finite T > if mo and mi 
are two different points in M. The super-linear growth of L in x guarantees that 
T — )■ oo as — moi,mii — t- oo, where mji denotes the first coordinate of ?fij. Given 
an interval [—T,T], for sufficiently large — moi,mii, the set {7l(', "^o, "T'i)|[-t,t]} is 
pre-compact in C^{[—T,T],M). Let T — t- oo. By diagonal extraction argument, there 
is a subsequence of {7l(-, mo, mi)} which converges C^-uniformly on each compact 
set to a C"^-curve 7: M — t- M. Obviously, 7 G '^{L)-, and 

Proposition 6.1. Some number A > Q exists so that |/i|^(7(— T), 7(r))| < A holds 
for each curve 7 G '^{L) and each T > 0. 
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Proof. Since ai±{0) = 0, some yl' > exists such that |A(7|j-)| < A' holds for any 
interval / C M+(M-) provided it is a forward (backward) semi-static curves for L^. 
Also, some A" > exists such that 

-A" < max inf hT{x,x') < A". 

x,x'e{xeM:\xi<l} T>0 

Consequently, we claim that A < 2 A' + A" . 

If there exists some 7 G "^{L) and some T > such that hJ^{^{—T),^{T)) > 
2A' + A" , we join j{—T) to j{T) by another curve ^ = xll * ( * where is 
a lift of forward semi-static curve x_ for L_ such that 7(— T) = x^(0), denote by 
X- the intersection point of this curve with the section {x £ M : xi = — 1}, 
is a lift of backward semi-static curve x+ for L+ such that j{T) = x^(0), denote 
by x+ the intersection point of this curve with the section {x £ M : xi = 1}, 

is a minimal curve of L that connects the point x_ to x+. Obviously, one has 
Al{0 < + A" < hl{^{-T),^{T)), but it contradicts the definition of ?f (L). □ 

Each A; G Z defines a Deck transformation k : M — )• M: kx = (xi + /c, X2, • • • , x„). 
Let M5" = {x G M : xi < -J}, M/ = {x G M : xi > 5}. 

Definition 6.2. A curve 7 G ^(i) is called pseudo connecting curve if the following 
holds 

Mi\i-T,T]) = inf /ir(k-7(-r),k+7(r)) 

k-7(-T)eM- 

k+7(T)SAf+ 

/or eac/i 7(T) G and 7(T) G -/W^^- Denote by '^{L) the set of pseudo connecting 
curves. 

Lemma 6.3. The set '^{L) is non-empty. 

Proof. Let us start with a curve 7 G '^{L). Given d > 0, if some interval [t^ jf^] 
exists such that k~7(tr) can be connected to k^7'(t^) by another curve Q with 
smaller action 

t+i)-^L(Ci) >d>0, 
then one obtain a curve 7j = kj~7|^_^ * * kT'7|j^+ by one step of such surgery. 

Given any d > 0, we claim that there are finitely many intervals [t^ ,tf] with 
tf < t^-^ such that k~7'(t^) can be connected to k^7(t^) by another curve Ci with 
the action d smaller than the original one. Let us assume the contrary. Then, for 
any positive integer k, there is an interval [-T,T] D U*Ljtr,t+]. Without losing 
generality, we assume 7(t) G for all t G [—T,T]. In this case, let x~ = 7(— T) 
and x"^ = n^^]^k^k^7(r). By assumption, these two points can be connected by a 
curve C along which the action Al{C) ^ A — kd as it follows from Proposition 16.11 
that ^l(7|[-t,t] — A- Since k can be arbitrarily large, it implies the existence of a 
curve along which the action of L approaches to minus infinity, it also contradicts 
Proposition 16. li 

Let us begin with any 7 G ^{L). Given any small > 0, by finitely many times 
of such surgery, we obtain a curve 7j : M — t- M with following properties: 
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1, for each small > 0, 7(-r) G and ^{T) G Af/ 

AL{7i\[-T,T])< inf /ir(k-7*(-r),k+7i(r)) + ei. 

k-7{-T)eAf- 
k+7{T)SA/+ 

2, 7j is smooth everywhere except for two points which fall beyond the region 
{x £ M : \xi\ < Qi}, and 0j — )• oo as e — )• 0. 

Let Tj > such that 'yii(zizTi) = ±0^. Because of Lemma 16.21 we see that Tj — )• oo 
as 0j — 7- oo. In virtue of the argument before, for any large T 3 io > such that the 
set : i > io} is pre-compact in C^{[—T,T],M). Let T — )• oo. By diagonal 

extraction argument, there is a subsequence of {7j} which converges C^-uniformly on 
each compact set to a C"^-curve 7: M — ?■ M. Obviously, 7 G '^(L). □ 

Theorem 6.3. The map L — t- ^{L) is upper semi- continuous. 

Proof. Let 7^ G 'if (Li), Li — )• L. If {74} which converges C^-uniformly on each 
compact set to a C-^-curve 7, it is obvious that 7 G "^(L). □ 

It is an immediate consequence of Definition 16.21 that 

Proposition 6.2. // the space-step Lagrangian L is actually periodic in xi, then a 
curve 7 G '^(^) if and only if its projection ^ = tt'j: M ^ M is semi-static. 

6.2. Local connecting orbits of type-c. An orbit d'j (A curve 7) is said connecting 
one Aubry set A{c) to another one A{c') if the a-limit set of the orbit dj is contained 
in A{c) and the w-limit set of the orbit d'j is contained in A{c'). It is called local 
connecting orbit if these two Aubry sets are close to each other. In contrast, it is 
called global connecting orbit when the two cohomoloy classes are far away from each 
other. In this subsection, we show how to construct local connecting orbits of type-c, 
which is used to handle the problem of incomplete intersection. 

For this purpose, we use a new version of c-equivalence introduced in our previ- 
ous work jLC| . The concept of c-equivalence was introduced in [Ma2] for the first 
time. The modified version is defined not on the whole M, but on a non-degenerate 
embedded (n — l)-dimensional torus. We call Sc non-degenerately embedded (n— 1)- 
dimensional torus by assuming a smooth injection ip: T"~^ — )• T" such that Sc is the 
image of 93, and the induced map 99*: //i(T"~^,Z) — )• //i(T",Z) is an injection. 

Let € C i^^(T",M) be a connected set where we are going to define c-equivalence. 
For each cohomology class c G C, we assume that there exists a non-degenerate 
embedded {n — l)-dimensional torus Sc C T" such that each c-semi static curve 7 
transversally intersects Sc. Let 

Yc = f]{iu*Hi{U,R) : C/is a neighborhood of7^(c) n EJ, 

u 

here iu- U ^ M denotes inclusion map. V;f is defined to be the annihilator of Vc, 
i.e. if c' G i?i(T",M), then c' G if and only if (c', h) = for all h G V^. Clearly, 

= |J{ker ilf : U is a neighborhood of A/'(c) n Sc}. 
u 
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Note that there exists a neighborhood U of M{c) n Sc such that Vc = iu*Hi{U,E.) 
and = keiilj (see [Mi2] ). 

We say that c, c' G //^(M, M) are c-equivalent if there exists a continuous curve F: 
[0,1] — )• £ such that r(0) = c, r(l) = c', a(r(s)) keeps constant for ah s £ [0,1], 
and for each sq G [0, 1] there exists (5 > such that T{s) — r(so) G ^r(so) ^^^^'^^'^^^ 
s G [0, 1] and \s — so\ < 5. 

Let {ei}i<j<„_i be the standard basis of ffi(T"~^, Z), gi^i = 9J*(ej) G ffi(T",Z). 
Obviously, gi is an n-dimensional integer vector for i = 2, 3, • • • , n. Because if is 
injection, there exists gi G such that the nx n matrix G = {gi,g2,-'' ^9n) 
is uni-module, i.e. detG = ±1. Using new coordinates x — t- G^^x, the Lagrangian 
Z/(x, x) = L{Gx, Gx) is also 27r-periodic in x. In new coordinates, let M = MxT"~"^ = 
{xi G M, (x2,--- G T"-i} be a covering of T", vr : M ^ M = T". The lift 
of Sc, 7r~^(Sc) has infinitely many compact components If if is linear, 

= {xi = 2m}. 

Theorem 6.4. Assume the cohomology class c* is c-equivalent to the class c' through 
the path T: [0, 1] F1(T",M). For each s G [0, 1], the following are assumed: 

1, there exists a coordinate systems Gj^x where the first component of rotation 
vector is positive a;i(;Up(s)) for each ergodic T{s)-minimal measure fiY(s)! 

2, for the covering space Mg = M x Y""^"^ in this coordinate system the lift of 
non- degenerately embedded codimension-one torus ^r{s) infinitely many connected 
components, each of which is still a non- degenerately embedded codimension-one torus. 

Then there exist some classes c* = cq, ci, • • • , Cfc = c' on this path, closed 1-forms 
rji and fn on M with [r/j] = Cj and [p,i] = Cj+i — Ci, and smooth functions Qi on M for 
i = 0,1, ■ • • ,k — l, such that the pseudo connecting curve set '^[Li) for the space-step 
Lagrangian 

Li = L-rji- gfti 

possesses the properties: 

(i) , each curve 7 G '^{Li) determines an orbit (7,7) of (f)^^; 

(ii) , such orbit (7,7) connects A{ci) to A{ci+i), i.e., the a-limit set 0(^7) C A{ci) 
and u-limit set oj{d'y) C ^(cj+i). 

Proof. By the definition of c-equivalence, there exists a path T: [0,1] — )• i7^(M, M) 
with r(0) = c*, r(l) = c' such that for each c = r(s) (s G [0, 1]) on the path, there 
exists e > such that r(s') — c G ^y{s) whenever s' G [0, 1] and |s — s'| < e. Thus, 
there exist a non-degenerately embedded (n — l)-dimensional torus Sc, a closed form 
/Xc and a neighborhood U of AA(c)nEc such that [/2c] = r(s') — c) and supp/XcPlC/ = 0. 

In the new coordinates x — )• G~^x on the torus as before, the codimension one 
hypersurface S[! separates M into two parts, the upper part M"*" and the lower part 
M~ . Let TP^ -\- 5 denotes the (5-neighborhood of S[! in M, we introduce a smooth 
function g G C^(M, [0,1]) such that ^ = if x G M"\(SO + <5), = 1 if x G 
M+\($][? + 5). Let rj and fi are closed 1-forms on M such that [rj] = c and [?? + /x] = c' . 
These forms have natural lift on M, denoted by the same symbol. 
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if Qfi is C'^-sufficiently small. As gfl is carefully chosen so that its support is disjoint 
from [/, each curve 7 S ^(L + 77 + q]1) is clearly a solution of the Euler-Lagrange 
equation determined by L, the term gp, has no contribution to the Euler-Lagrange 
equation along 7. In other words, each curve in ^(L + 77 + gjl) generates an orbit d^y 
of 0*^: TM. 

The definition of tells us that for each curve 7 E 7|(_oo,io] is backward semi- 
static once 7|(_oo,to] ^^^^ entirely into M~\(S[! + 5), ')\\t-i,oo) is forward semi-static 
once 7|[ti,oo) falls entirely into M+\(E[? + 5). Therefore, (7(t),7(t)) AiT{s)) as 
t -00 and (7(t),7(t)) A{T{s')) as t 00. 

Because of the compactness of [0, 1], we can find finite set of numbers sq, • • • , G 
[0, 1] such that above argument applies if s and s' are replaced by Sj and Sj+i respec- 
tively. Set Cj = r(sj). □ 

Corollary 6.1. Let Ci, rji, fli and qi he evaluated as in Theorem \6.4\ Let Ui be an open 
neighborhood of J\f{ci) n S^. such that Ui Plsupp/ij = 0. Then, there exist big Ki > 0, 
Tj > and small 5 > such that for each fh, fh' G M , with —Ki < fhi < —Ki + 2tt, 
Ki — 27r < fh'i < Ki, the quantity hj^.^^.[rh,rh') reaches its minimum at some T < Ti 
and the corresponding minimizer ji{t,m,fh') satisfies the condition 



As the orbits obtained here is by using c-equivalence, we call them local connecting 
orbits of type-c. This type of connecting orbits are found in the annulus of incomplete 
intersection and plays key role in establishing transition chain crossing strong double 
resonance. 

There is some flexibility to choose the coordinate system and the non-degenerately 
embedded codimension one torus. Let tTs- Ms — s- M = T" be a covering space such 
that Ms = M X T""^ in the coordinate system G~^x. 

Definition 6.3. For s G [0,1], the non-degenerately embedded codimension one torus 
Tig is called admissible for the coordinate system Gj^x if the lift ofY^s to the covering 
space Ms consists of infinitely many connected and compact components and the first 
component of the rotation vector is positive cji(/ip(5)) for each ergodic T{s)-minimal 



Let us describe how the equivalence relation is established between two classes 
near strong double resonance. Let r C A C a-^{E) be a curve skirting around the 
flat Fq, along which the a- function keeps constant and the third coordinate C3 keeps 
constant as well. For each c G T, one can find certain coordinate system and finitely 
many intervals Ic,j such that each c-semi static curve passes through the section 

= {xi = 0} transversally and 



(6.4) 



Image(7i)n(S0 +<5) CC/i. 



measure. 



N{c) C {{X2, x^) : X2 G Ulc,i, X3 G T}. 
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Clearly, some open set U D AA(c) n Sc such that Vc = iu*Hi(U,'K) = span{(0, 0, 1)}, 
from which one obtains that = span{(l, 0, 0), (0, 1, 0)}. For each class c' G F very 
close to c, one has c' — c = (Aci, Ac2,0) G Vj-, thus, there exists a closed 1-form fl 
such that [fl] = c' — c and 

supp/i n M{c) n Sc = 0. 

Thus, any two classes along the curve T are equivalent. 

6.3. Local connecting orbits of type-/i. Another type of local connecting orbits 
look like heteroclinic orbits. Therefore, we call them local connecting orbits of type-/i. 

It is used to handle a typical case when an Aubry set falls in a neighborhood of 
lower dimensional torus such that Hi(M, N,7j) ^ 0. Equivalence relation seems 
not exist among those classes if the Aubry sets fall into A^. However, each of these 
Aubry sets has homoclinic orbit, it may lead to the existence of heteroclinic orbits. 
Towards this goal, let us work in suitable finite covering manifold n: M ^ M. In this 
covering space, these homoclinic orbits turn out to be semi-static orbits. We assume 
that the Aubry set A{c, M) consists of finitely many classes A{c) = U • • • U Ak 
{k > 1), M is chosen so that the hft of A^, iV = A^i U • • • U A^fc with k > I, vrA^j = A^ 
and Aj D Nj = provided i ^ j. In the following, we denote by A^ an open domain 
such that each A^ contains one Aubry class Ni D Ai. 

If a Aubry set contains finitely many static classes only, denoted by Ai {i = 
1, 2, • • • , fc), then these classes are transitive in the following sense: by rearranging the 
subscripts, there exist k semi-static curves 7i,i+i (mod k) such that a;(d7j^j+i) C Ai+i 
and a(d7j^j+i) C Ai [CPj . It does not exclude the case that some semi-static curve 
7ij exists such that j ^ i + 1 (mod /c), a{d^i^j) C Ai and uj{d^i^j) C Aj. We say 
that Ai is connected to Aj through Ai' with i' = i + l,i + 2,-- - ,j — lif there exist 
semi-static curves 7i',j'+i such that CL!(d7j/ C Ai'j^i and a(d7i',i'+i) ^ Ai'. 

The Aubry set Ai is said to be directly connected to the Aubry set Aj if a semi- 
static curve 7: M — )■ M exists such that coidj) Q Aj and a{dj) C Ai- That Ai is 
directly connected to Aj does not imply that Aj is directly connected to Ai- 

Pick up two points Xi £ Ai, Xj G Aj, we consider the quantity 



Let 7'^: [—T,T] — )■ M be the minimizer realizing the quantity h'^{xi,Xj). Let 
[ti^T,tj,T] be the sub-interval of [—T,T] such that 7"^(t) ^ NiU Nj for t G {ti^T,'tj,T) 
but 7"^(ti,r) G -Ai and j'^{tj.T) G -Aj. In the case that Ai is directly connected only to 
Aj, tj^T — ti,T is upper bounded uniformly for T > 0. Some sequence of time It and 
a positive number A > such that [ty — A, tj' -|- A] C (ti,T) tj,T) for sufficiently large 
T. The set of curves {7"^(t — iT)|[-A,A]} is compact in C^-topology. Let 7|[_a,A] be 
the accumulation point which can be uniquely extended to whole line 7: M — )• M. 
Clearly, 0(^7) C Ai and u}{d'y) C Aj. If Ai is directly connected also to other Ak, 
one can also obtain such a sequence of curves by introducing small perturbation so 




By standard notation. 



h'^ (xi,Xj) = lim inf h^{xi,Xj). 
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that Ai is directly connected only to Aj and the support of the perturbation does 
not touch the semi-static curves connecting Ai to Aj. 

Given a semi-static curve one can choose an (n — l)-dimensional disk S such that 
they intersects each other transversally. This disk also intersects semi-static curves 
nearby. A semi-static curve is said disconnected to other semi-static curves if the 
intersection point is disconnected to the intersection points of all other semi-static 
curves. 

Theorem 6.5. (Connecting Lemma) Assume that the Aubry set contains finitely 
many classes A{c) = Ai U • • • U Ak, there exist open domains Ni ■ ■ ■ such that 
Ai C Ni for each 1 < i < k and Ni (1 Nj = provided i ^ j. If each semi-static 
curves connecting different Aubry sets is disconnected to all other semi-static curves, 
then there exists some orbit d'y' of connecting A{c) to A{c') provided a{c) = a(c'), 
the class c' is sufficiently close to the class c, A{c') C U^^^Ni, Ni and Nj exist such 
that A{c') nNi^ and A{c') DNj ^ 0. 

Proof. In autonomous case, A{c) can be connected to A{c') only if a{c) = a{c'). If 
both c and c' are the minimal points of the a- function, then .4(c) H A{c') ^ (see 
[Ms] ) ■ it is trivial to connect an Aubry set to itself. Thus we only need to work on 
the energy surface H~^{E) with E > mina, the minimum of the a- function. In this 
case, we obtain from [Lx] that 

Proposition 6.3. Let L : T" — )• M 6e an autonomous Lagrangian of Tonelli type, the 
class c be not the minimal point of the a-function, and Oc be the flat of the (3 -function 
such that 

Lo £ Qc =^ a{c) + (3{u)) = {c,uj) . 
Then, there exists a coordinate system such that each rotation vector in this flat has 
positive first component uii > 0. 

The existence of such connecting orbits is derived from the upper-semi continuity of 
so called pseudo-connecting orbit set introduced in Definition 16. 2[ For the definition 
of this set in autonomous case, we need to work in certain covering space tt : M = 
M X T"^^ if uji{fic) > holds for each ergodic minimal measure ^c- By Proposition 
16.31 it is possible if we choose suitable coordinate system. Let 7 denote the lift of the 
curve 7 : M — )• M, 71 denote the first coordinate. 

Let T,Q = {x : xi = 0} be a codimension one hyperplane separating M into two 
parts, the upper part M"*" connecting to {xi = 00} and the lower part M~ connecting 
to {xi = —00}. Let So + 5 denote the (5-neighborhood of Sq in M, we introduce a 
smooth function p e C""(M, [0,1]) such that p = if a; E M~\{^o + 5), p = 1 if 
X £ M"''\(So + 6). Let r] and ft be closed 1-forms on M such that [q] = c and 
[77 -|- /x] = c'. They have natural lift on M. Let p = p/x. We carefully choose smooth 
function ip = ip{x,x) such that ^p = as xi G (—00, —1) U (l,oo) (the construction is 
demonstrated later) and let 

Lrj,ii,i, = L -r] - n-i/j. 
Let m, rh' be two points in M, we define 

^l,aAm,m)= inf / L^^^{d'y{t))dt. 
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For small /u and ^, the Lagrangian L^^^^^ satisfies the conditions required for space- 
step Lagrangian. In the following we shall use the notation ^r],fi,ip = '^iLrj,fi,ip) to 
denote relevant set of pseudo-connecting curves. 

According to Proposition l6.31 it is reasonable to assume a;i(/ic) > for each ergodic 
minimal measure by choosing suitable coordinate system. We work in the covering 
space n : M = Rx T^-^ M. 

Let us recall a graph property. Given two Aubry classes Ai and Aj, let J\fij be the 
set of all semi-static orbits whose a-limit set is in Ai and the a;-limit set is in Aj. 
Let Mij = TTxN'ij, where tTx denotes the standard projection TM — )• M. Then, the 
inverse of tTx, restricted on Mij, is Lipschitz. The proof is the same as it for the graph 
property of Aubry set. 

By assumption, there exists a semi-static orbit dQj connecting Ai to Aj if Ai is 
directly connected to Aj. By permutating the subscripts, we can assume that Ai 
is directly connected at least to ^j+i. Let Qj denote a lift of dj to M. Pick up a 

point xq = (xo,i_, • • • ,xo^n) = Cijito) ^ UA^i with xo,i = and denote by vq = Qjito) 
the velocity of Qj at xq. Obviously, vq ^ 0. Let g' be a smooth function in s such 
that q' = for s < 0, g' = 1 for s > 6 and g' > for s G (0,6), where (5 > is 
suitably small. Let gij{x) = g'{{x — xo,vo)), then {dgij{x),v) = {vo,v)g'{s) provided 
{x - Xo,Vo) = s. 

We choose an (n — l)-dimensional plane Hij^s = {x : {x — xo,vo) = s}. Since the 
set of semi-static curves is totally disconnected, we can choose, for each s £ [0, 6], two 
suitably small [n — l)-dimensional topological disks D[-^,Dij^s located in I^ij^s and 
small 5i > such that D'^^^r\{\JNj) = 0, D'^ ,, D Dij^s+^i, Qj passes through the disk 
Dij^s and no semi-static curve in Afij passes through D'- ^\Dij^s- These disks can be 
chosen so that the Hausdorff distance dniDij^g, Dij^s') — ^ and dniD'^j ,., D'^j — )• 
as s' — >• s. Let D'-j = U^g[o,<5]-^ij ^ij — ^s&[o,5]^ij,s- We choose a smooth non- 
negative function Wiji M — )• M such that suppwij Ci {x : < {x — xo,vo) < 6} = D[- 
and Wij = A if X G Dij. As it will be seen later, we do not care about how Wij is 
defined on those {n — l)-dimensional plane ^ij^s with s ^ [0,(^]. 

For different ^ {i'^j'), it is possible that Dij nMi'ji ^ 0. But it does not 

make trouble, as J\fij D JVi'ji = 0. Let Sij be the graph of a Lipschitz map x ^ x 
such that Mij is located within. Thus, we choose a smooth function Vij: TM — t- [0, 1] 
such that Vij = 1 when (x, x) G {Sij + ^2) H TD'^j and Vij = when [x, x) ^ Sij + 63, 
where 5^ > 62 > are small numbers. As there are finitely many Aubry classes, we 
have supp?;jj n suppvi/j/ = if (i, j) / (i' 

Let us consider what curves contained in the set ^77,0,1/1 defined for the Lagrangian 
L"r],o,ii> by assuming 



By the upper semi-continuity of L — )• ^(L), each curve 7 G ^?7,o,V' stays in a small 
neighborhood of certain curve jij, which is a lift of certain semi-static curve jij, 
provided ||ii^ij||c2 is suitably small. Let us pick up a semi-static curve dj : M — )• T" 
for and consider one component of its lift Qj : M — M which passes through Dij . 
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is closed in Dij, {dQij,x) = q'{s){x,vo) = on each Hij^s with s ^ [0,S] this term has 
no contribution to the Euler-Lagrange equation along this semi-static curve, namely, 
this curve solves the Euler-Lagrange equation determined by ir;,o,V' ^-^so. However, 
the action of L^j^^^ along this curve is smaller than the action of -^^^7,o,V' since ip is 
non-negative and takes positive value along a piece of the curve. 

The lift of the curve Qj to M contains infinitely many curves {Qj + (fc, 0, • • • , 0) : 
k e Z} where irQj = Qj. Each of these curves solves the Euler-Lagrange equation 
determined by L^^q^^, but except Cij; all other curves do not belong to ^r],o,tp since 
they do not pass through nDij, the action along these curves is bigger than the 
action along Qj. Since no semi-static curve in Mij passes through {D^j\Dij), each 
curve in ^r/,o,V' solves the Euler-Lagrange equation determined by L^^^q^^. Thus, one 
has Qj G '^r),o,V'- -^s Ljj^o^jf, = L^, when they are restricted to T{UNi), every curve in 
the lift of a static curve for is clearly in '^r],o,ip- 

In the cylinder M there exist two sections 11+ and S~ satisfying the following 
conditions: 

1, both are the deformation of {x : xi = 0}, they divide M into three parts, M+, 
M~ and Mq bounded by E+ U S_. Af+ is homeomorphic (0, oo) x T"^"^, M~ is 
homeomorphic (— oo,0) x T"~^ and Mq is homeomorphic to (0, 1) x T"^"^; 

2, there exists ^4 > such that UD'-j + 64 C Mq; 

3, for each Qj G ^,j,o,i/), both Imaged n and Imaged n M"~ are connected, i.e. if 
one moves into M± along the curve as t ^ ±00 then it stays in M± forever. 

Let be the tube connecting Dy to M+, U^CiDij = D^j s, each Qj G '^r],o,il} passes 
through U^, does not touch the boundary of before it moves forward into M+. 
Similarly, we define the tube connecting Dij to M~ such that H Dij = Dji^, 
each of those curve passes through , does not touch the boundary of before it 
returns back into M~ . 

Since there are finitely many Aubry classes only, by choosing suitably small D'- 
we can assume D'- r]D'-,j, = if 7^ (i' A closed 1-form p, clearly exists such 
that [p] = c' — c and supp/i n (UDij) = 0. Let p' : M — )• [0, 1] be a smooth function 
such that p' = for s < 0, p' = 1 for s > (5 and let U-j be an open set containing the 
closure of U D-j U U^j and Ulj H U[,j, = if 7^ (i', j')- We define a smooth 
function p: M ^ [0, 1] such that p(x) = p'((x — xo,vo)) if x G Dij where xq = Cijito) 
and vq = Cij(to), p = 1 if x G M+ U (UC/^) and p(x) = if x G M" U (UU^). By the 
construction of , and Dij , we see the existence of such function. 

Let us now study the Lagrangian ^r;,^,?/' with p = pp. By condition, A{c')riNi 7^ 0, 
A{c')riNj / and i ^ j. Thus, there exist Xj G M{c)nNi and xj G M{c')nNj. Let 
Xj and Xj be two points in M such that Trxj = Xj and irxj = Xj and let Xj^ = Xj — kei 
and Xjk = Xj + kei where ei = (1, 0, • • • ,0). Let 7^: [— T, T] — >■ M be the minimizer 



of 
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and let A; — )• oo, we obtain a sequence of {7^}. Let 7: M — )• M be the accumulation 
point of the sequence. Due to the upper semi-continuity of C,,,^,^ with respect to 
(?7, 11, jp), the curve 7 must pass through UDij if |c' — c| is suitably small. Thus, along 
the curve 7 the term pfl does not contribute the Lagrange equation, namely, the curve 
determines an orbit of (^^. Since this curve is in the set ^n,fi,ip, therefore, it connects 
A{c) to A{c'). This completes the proof. □ 



6.4. Locally minimal property. The orbit d'y obtained in Theorem 16.51 is locally 
minimal in the sense we define in the following. It is crucial for the variational 
construction of global connecting orbits. The set of local minimal curve will be not 
empty if the Aubry set A{c) has some totally disconnected minimal homoclinic orbit 
and fj, as well as ^ is carefully chosen for the modified Lagrangian. 

Here is the definition for autonomous systems: 

Definition 6.4. Let Ni,--- ,Nk C M be open domains such that dist{Ni, Nj) > 
{k > 1). We assume that A{c),A{c') C LiNi, [r]] = c, [1] + p\ = c' , a{c) = a(c') 
and the first component of both c- and c' -minimal measures is positive ui{fj,c) > 0, 
^i(Mc') > 0- -^6^ TT : M = M X T"~^ M be the covering space, denote by 7 the lift 
of a curve 7 : M — )• M. Then, d'y: TM — )• M is called local minimal orbit of type-h 
that connects A{c) to A{c') if 

1, d'y is an orbit of cj)^^, 0(^7) C .4(c) and ^((^7) C A{c'). Some neighborhoods of 
co-dimension one torus Ni, Nj exist such that a{d'j) C TNi and uj{d'y) C TNj; 

2, there exist two [n — 1) dimensional disks Vj^ , C M and positive numbers 
T,d > such that ttV-^ C Ni\A{c), -kV^ C Nj\A(d^, 7 transversally passes ttV~ 
and ttV^ at the time —T and T respectively, and 

(6.5) h"^ {x~ , nrho) + /i^^^ ,^(mo, mi) + /i^(7rmi,x+) 

- Hm / L^^^^^{d-f{t))dt - {t- + tf)a{c) > 

t . —¥00 J — t ■ 

holds for each {mo,mi,T') G d{Vr x Vj^ x [T - d,T + d]), £ Ni n TT-,{a{d-f)) 
and G Nj Pi TTx{uj{dj)). Where t^ — )• 00 and tf ^ 00 are the sequences such that 
7(— t^) — )■ x~ and j{tf) — )• . Where vr^ : TM M is the standard projection. 

In this definition, the term /i^(x~, ttttio) + h'^'i_i^{fhQ,rhi) + /i^(7rmi, x"^) mea- 
sures the smallest action of L^^^^^^ along those curves {x} which satisfy the following 
conditions: 

1, each X joining mo with mi with time 2T'; 

2, x~ is an accumulation point of x as t — t- —00 and x'^ is an accumulation point 
of X as t — 00. 

Remark. In the space of curves, a neighborhood of the curve 7 consists of those 
curves that start from V~ and reach within a time between 2(T — d) and 2(T + d). 
The minimal curves connecting from to V'^ with different time scale determine 
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orbits in different energy levels, that is why we consider the time scale T' G [T — 
d,T + d] as variable when we search for the local minimum. 

Remark. This definition applies also to the case that there exists only one Aubry 
class staying in the small neighborhood of lower-dimensional torus. In that case, we 
can consider a suitable finite covering of the configuration manifold. In the finite 
covering configuration space, there are more than one Aubry class. 

The following is for time-periodic systems 

Definition 6.5. Let Ni,--- ,Nk C M (k > 1) be open domains such that each of 
them keeps positive distance with any other one: dist{Ni, Nj) > 0. We assume that 
Ao{c),Ao{c') C UNi, [rj] = c, [r] + p] = c' . Then, d'y: TM — )■ M is called local minimal 
orbit of type-h that connects A{c) to A{c!) if 

1, d'y is an orbit of (t)\, the a-limit and the uj-limit sets of d'y are contained in A{c) 
and A{c') respectively, a{d'y)\t=o C TiVj and uj{d'y)\t=o C TNj with i ^ j; 

2, there exist two open balls V^^ , and two positive integers t~ , such that 
Vr c Ni\Mo{c), C N,\Mo{d), j{-k-) G V-, j{k+) e and 

h^{x',mo) + h^^^J^^ {mo^mi) + /i^(mi,x+) 
(6.6) — liminf / Lr^^^^^{d'y{t),t)dt — k^ a{c) — k^ a{c) 

k . — >-oo J — h ■ 

I 1 

% 

> 

holds for any (mo, mi) G d{VrxV^), G Nir\'n^{a{d'y))t=o, x+ G Np'K^{u{d'y))\t=Q 
and k^ ,kf are the sequences such that ji—k^) — )• x~ and ^{kf) — )• x+. Where 
TTx ■ TM M is the standard projection. 

The set of curves starting from V~ and reaching with time k~ + A;"*" constitutes 
a neighborhood of the curve 7 in the space of curves. Once a curve 7 touches the 
boundary of this neighborhood, the action of i?7,^,t/) along 7 will be larger than the 
action along 7. As V~ , and therefore d > can be chosen arbitrarily small, it is 
reasonable to call it locally minimal. 



7. Variational construction of global connecting orbits 

The task of this section is showing how to construct global connecting orbits by 
variational method, provided a generalized transition chain exists. In the next section, 
the main result (Theorem II. ip is proved by showing the genericity of such transition 
chain. 

7.1. Generalized Transition chain. The concept of transition chain was proposed 
by Arnold in his celebrated paper [Arl] where it is formulated in geometric language. 
The generalized transition chain formulated in our previous work [CYll ICY2j is in 
variational version which need less information about the geometric structure. 



ARNOLD DIFFUSION IN A PRIORI STABLE SYSTEMS 



79 



Definition 7.1. (Autonomous Case) Let c, c' be two cohomolgy classes in if^(M, M). 
We say that c is joined with d by a generalized transition chain if a continuous curve 
T: [0, 1] H'^{M,R) exists such that T{0) = c, T{1) = d, a(r(s)) = E> mina and 
the condition is satisfied: for each s G [0, 1] at least one of the following cases takes 
place: 

(HI), the Aubry set is composed of finitely many classes only. There exist certain 
finite covering: tt : M — >■ M, two open domains Ni,N2 with d{Ni,N2) > 0, an (n— 1) 
dimensional disk Ylg and small number Sg > such that 

i, the Aubry set A{T{s)) n Ni and AiT(s)) n N2 and ^(r(s')) CN1UN2 
for each \s' — s| < 5s, 

ii, 7rA/'(r(s), M)|ss\(iV'i U N2) is non-empty and totally disconnected; 

(H2), For each s' £ {s — 6s, s + 6s), T{s') is equivalent to T{s), namely, some 
section and some neighborhood of J\f{T(s)) Ci Sr(s)7 denoted by U, exist such that 
r(s') — r(s) G keiiy. Each class r(s') is associated with an admissible section 
and an admissible coordinate system Gj^x. 

Remark. Because of upper semi-continuity of Maiie set, it is possible that there 
exist some classes for which both cases take place. 

In the case (HI), if the Aubry set contains only one Aubry class, one can take 
some finite covering vr : M — >■ M non trivial provided Hi{M,A,M.) 7^ 0. A typical 

case is that ^(r(s)) is homeomorphic to co-dimension one torus, one takes suitable 
finite covering space so that A{T{s),M) contains exactly two connected components. 
If ^(r(s)) contains more than one class, we may take M = M. 

By the study in the last section, the existence of generalized transition chain implies 
that one has a sequence of local connecting orbits. More precisely, there exists a 
sequence of locally minimal curve 7^, a sequence of numbers Sj (s = 0, 1, • • • ,m) 
such that a{d'yi) C A{T{si)) and uj{d'yi)) C A{r{si+i)). Global connecting orbits are 
constructed shadowing these local connecting orbits. 

One can also define generalized transition chain for time-periodic systems. 

Definition 7.2. (Time-periodic Case) Let c, d be two classes in H^{M,R). We 
say that c is joined with d by a generalized transition chain if a continuous curve T: 
[0, 1] H^{M,M.) exists such that T(0) = c, r(l) = d and for each s G [0, 1] at least 
one of the following cases takes place: 

(HI), the Aubry set is composed of finitely many classes only. There exist certain 
finite covering: vr : M — M, two open domains Ni,N2 with d{Ni,N2) > and small 
number Sg > such that 

i, the Aubry set A(r(s)) n iVj 7^ and Ao{T{s)) D Nj 7^ 0, Ao{T{s')) C (iVi U N2) 
for each \s' — s| < 6s, 

ii, TrJ\fo(T{s), M)\{Ni U N2) is non-empty and totally disconnected; 

(H2), For each s' G {s — Ss, s -\- Ss), r(s') is equivalent to r(s), namely, there exists 
a neighborhood of Mo{T{s)), denoted by U, such that T{s') — r(s) G kerz^. 
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7.2. Variational construction. Given x G M and c € H^{M,M.), there exists at 
least a forward (backward) c-semi static curve 7^^: [0,oo) — )■ M (7": (— oo,0] — )■ M) 
sucli tliat 7^(0) = X. It determines certain velocity v^^ = 7^(0). 

The task in this subsection is to prove the following by variational method: 
Theorem 7.1. If c is connected to d by a generalized transition chain, then 

1, there exists an orbit of the Lagrange flow cj)^^, d'y: M — )• TM which connects the 
Aubry set A{c) to A{c'), namely, a{d'y) C A{c) and uj{d'y) C A{c'); 

2, given x,x' G M and arbitrarily small (5 > 0, there exists an orbit (7,7) of 
(f)^^ passing through 6 -neighborhood of the points {x,v^^) and ix',v~^,) successively, 

namely, t < t' such that {'y(t),'y{t)) G Bs{x,v^^^) and (7(i')) 7(^')) ^ ^si^' ^''^x d)- 

Proof. Before starting the proof, we establish the following proposition: 

Proposition 7.1. Given an Aubry set, the Aubry distance from any Aubry class Ai 
to all other Aubry classes is assumed have positive lower bound, namely, dc{Ai,Aj) > 
d > for all j ^ i. Let 

Ni = {me M : dc{m, x) < d/6, V x G A}, 

then for all mg, mi G Ni and for any x £ Ai one has 

(7.1) /i°°(mo,x) + /i~(x,mi) = /i°°(mo,mi); 
for any mo, mi £ Ni and any x G A\Ai one has 

(7.2) h°°{mo,x) + h°°{x,mi) > h°°{mo,mi) + ^. 

Proof. : For each pair of points (mo, mi) G M x M, we claim that there exists some 
Aubry class Aj such that 

/i°°(mo,mi) = /i~(mo,e) + /i°°(e,mi) 

holds for each ,^ £ Aj. Indeed, let fcj — 00 be a subsequence of integers such that 

lim h^^{mo,mi) = /i°°(mo,mi) 

let 7^^': [—ki,ki] — )■ M be the minimizer for h^' {mo,mi). There exists at least 
one point ^^^{ti) such that d{'y^^ (ti) , A) — )• as A;^ — )• 00. Otherwise, the quantity 
h^^{mo,mi) — )■ 00 as /cj — 7- 00. 

Given m £ Ni, we claim that (j7.ip and (j7.2p hold if mo = mi = m. Let fc^ — ?• 00 be 
a sequence such that liuik^^^ h^^{m,m) = h°°{m,m) and let 7^(t): [—k£, ki] — )■ M 
be the minimizer of h^^{m,m). There is a positive number d' > such that the 
ordinary distance d{'y^{t),Aj) > d' > for any t £ [—ki,k(\ and j / i. Otherwise 
along the curve 7m*(t) there exists a point getting closer and closer to a point Xj £ Aj, 
consequently, one would obtain from the property that dc{Ai,Aj) > d > for each 
j ^ i that 

h°°{m,m) =h°° {m,Xj) + h°°{xj,m) 

>h°°{xi,Xj) - h°°{xi,m) + h°°{xj,Xi) - h°°{m,Xi) 

-6 
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where Xi € Ai. On the other hand, we have 

h°°{m,m) < h'^{m,Xi) + h'^{xi,m) < ^d. 

It is a contradiction. Therefore, some Xi £ Ai and tg G [0, kg] exist such that — )• cxd 
as ki ^ oo and J^ite) — )• Xi. This proves ()7.ip in case mi = 7712. 

Let us consider two different points rriQ^mi G Ni. For x G .4^ with j 7^ we let 
TTT-o, x): [—A;, fc] — >• M be the curve which minimizes the quantity /i'^(mo, x), let kj 
be the subsequence of k such that Wm.}^.^^ h^i{mo,x) = /i°°(mo,x). In autonomous 
case, it converges as A: — )• 00. Similarly, we let C,g{t,x,mi): [—k,k] — )• M be the 
curve which minimizes the quantity h^{x,mi), let kj be the sequence of k such that 

limj,/_^o^ h^j {x^rrii) = h°°{x,nii). Let £ = 0, 1, 7^: [— /c. A;] — t- M be the minimizer of 

h^{mi,m() and let k^ be the subsequence of k such that h^'^{mi,m() — )■ h°°{m£,m£). 
By the proof we just finished, there exists G .4, and integer G [— fc^jA:^] such 
that 7£''(t£) — >• x^ and — )• 00 as A:^ — >• 00. Let ^qi- [~^) A;] — ^ M be the minimizer 
of h^{xo,xi), be the subsequence of k such that /I'^oi (xq, xi) — )• /i°°(xo,xi), let 
^IqI [0, A;] — )■ M be the minimizer of /i''(xi, xq), A;|o be the subsequence of k such that 
/i'^i(xi,xo) — /i°^(xi,xo). Given arbitrarily small 5 > 0, we have sufficiently large kj, 
k'j, kg, k\, k^i and k\Q such that 

\h°^{'mo,x) - h^^ {mQ,x)\ < 6, 

|/i°°(x,mi) - h^'^{x,mi)\ < 6, 

\h'^{mi,me) - h''<!{me,mi)\ < 6, £ = 0,1 

|/l°°(xo,Xi) -/l'=Ol(2;o,Xi)| < 5, 

|/i°°(xi,xo) -/i''io(xi,xo)| < S. 
Since xo,xi G Ai, we have dc{xi,xo) = 0. Consequently, 

(7.3) h^o (mo, xo) + h^oi (xq, xi) + /I'^'i"*! (xi, mi) 

+/i*i(mi,xi) + /i''io(3;i,xo) + /i''o"*o(xo,mo) 

<-d + 65. 
3 

Since x is in Aubry class Aj, while xo,xi £ Ai, one has 

(7.4) h^'i{x,mi) + /i*i(mi,xi) + h'''^o(^xi,xo) 

+ /i''o"*o(xo, mo) + h''^ (mo, x) 
>(i - 55. 

Because 6 is arbitrarily small, by subtracting (17. 3p from (17. 4p we obtain 

2 

h°°{mo,x) + h°^{x,mi) - -d 

>/i°^(mo,xo) + /i°^(xo,xi) + /i°^(xi,mi) 
>/i°^(mo, mi) 

it verifies (17. 2p . Since ()7.2p holds for each x G with j 7^ i and for any mo, mi G Ni, 
(|7.ip hold for each x £ Ai and for any mo, mi G Ni. This completes the proof of the 
proposition. □ 
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Let us begin the proof of Theorem l7.ll We only need to study the autonomous case. 
Time periodic case can be treated in the same way. Therefore, a(r(s)) = E > mina. 
By adding suitable constant on the Lagrangian, we assume E = Qto simplify notation. 

As the first step, let us choose a sequence of local connecting orbits dQ, which are 
successively connected in the sense that a;(dCi)na((iCi+i) / 0. The global connecting 
orbits are constructed shadowing such a sequence of orbits. According to the study 
in the previous sections, if s' is close to s, each Aubry set ^(r(s)) can be connected 
to some ^(r(s')) by either type h, or type c locally minimal orbits. Thus, there is 
a sequence = sq < si < • • • < Sfc = 1 such that for each < j < A;, A(r{sj)) is 
connected to A{r{sjj^i)) by some local minimal orbits. 

Let Cj = r(sj), j = 0, ,A;. We divide the set {0, , A;} into m sets 
{0, 1, • • • A;} = {0, 1, • • • , ii} U {ii + 1, • • • , is} U • • • U {wi + 1, . . . , i„ = A;}. The 
rule to make such a partition is that for all i = ij,ij + 1, - ■ ■ , ij^i — 1, A{ci) is con- 
nected to A{ci+i) by a local minimal orbit of the same type. More precisely, let Ac 
and Ah be the subset of {ii, is, • • • i im}, Ac U A/^ = {ii, is, • • • , im}, AcCi = 0. If 
ij G Aj, then for all i = + !,••• — 1, A{ci) is connected to A{ci+i) by a 

local minimal orbit of type i {i =c, or h). 

Recall the definition of transition chain (Definition 17. ip . Since the map c — >• 
M{c,M) is upper semi-continuous, once the Mane set M{T{s)) is in the case (HI) 
(or H2), then for s' sufficiently close to s, the set M{T{s)) is also in the case (HI) (or 
H2). Thus, for each ij G A/^, by choosing Q^-i and Cj^^^ sufficiently close to Ci. and 
Cj.^^-i respectively, we can assume that both Cj._i and Cj.^-^ satisfy the condition 
(HI) also. 

With class q we associate an admissible coordinate system x — )• write the 

inverse of Gi with Gj^ = [g^i,g^2^ ■ ■ ■ ,5j~ri]*- Because we consider the problem on 
H^^{E) with E > mina, we can choose Gi for each i G Ac (see Proposition 16. 3p such 
that, in new coordinates, the first component of u){Hci) is positive for each ergodic q- 
minimal measure. In virtue of the upper semi-continuity of Mane set on cohomology 
class, one can assume that 

{9j},^{f^cJ) > 0, V i = i - 1, i 

holds for each ergodic component /Xc- provided q_i is chosen suitably close to Cj. It 
means that the (jji(/icj > holds in the coordinates not only determined by Gi, but 
also determined by Gi-i as well as by Gj+i. Therefore, 3 Xi^i > such that 

(fifj^j^, A7i) > 27r, whenever {g:^}^^^, A^i) > 
(7.5) (^r^-^^-^, A7i) > 27r, whenever (5^1, A7j) > Xj,i 

holds for each Cj-semi-static curve 7, where 7^ denotes its lift to universal covering 
space and A'ji = 7i(t') — 7j(i) with t' > t. 

As the second step, we describe the minimal properties of local connecting orbits 
of type-/i as well as of type-c. 

The case of type-/i. For each integer i G Ui eAhi^i'^i + !,■■■ ~ 1}, the 

condition (HI) holds for generalized transition chain. Namely, in certain finite cov- 
ering space TT : M — 7- M, the Aubry set for i and i -|- 1 consists of more than one but 
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finitely many classes A{cg,M) = ^Agj for i = i,i + 1. By assumption of (HI), some 
open domains Nr,N^^ C M exist such that d{Nr,N^-^) > 0, A{ci, M) D Nr ^ 0, 
A{ci+uM) n Af+i / 0. A{cuM) C Nr u N+-^ and ^(q+i,M) C iVr u N+^^. 
J\f{ci,M)\Nr u A^;!,:^ / is totally disconnected. 

The new coordinate system x — )• G~[^x of T" is introduced such that (I7.5P holds. 
If writing M = {{xi,X2-, - ■ ■ ,x„) : Xj G T}, we introduce the covering space M = 
{(xi,X2, • • • ,Xn) : xi G M, Xj G T for i > 2}. We shall work with this covering space 
TT : M — )• M. For closed 1-forms rji and Jli on M we use the same symbol to denote 
their natural lift to M. 

Recall the proof of Theorem 16.51 Some decomposition of M exists such that M = 
M+UMi,oUAf^ such that Af + is diffeomorphic to [0,oo) xT"~\ Mr is diffeomorphic 
to (-00, 0] xT"-i and Mi,o is diffeomorphic to (0, 1) xT"~^ Some open and connected 
disks Ur,Di, D[ C Mj,o and (5^ > exist such that Di+6i C D[, {■j:D[+5i)r\N~ = 
and {'kD'^ + 5,) fl N^j^^ = 0, the intersection of any two of these sets is empty and 
the closure of M+ U C/+ U A U t/r u M~ , denoted by Mf , is connected, 



(m- 








/X- 77/+ 











Figure 8. 



As it was studied in the subsection of 6.3 (local connecting orbit of type-/i), some 
function Wi, pi: M — [0, 1], some closed 1-form rji, Jli, Qi and some small constant 
(5i > exist such that , [rji] = Ci, [fii] = Cj+i — q and supp/ij (1 Di = 0, suppwj C D'^, 
WilDi = constant, pi{x) = 1 if x G U f7+, pi{x) = if x G \J Mr , 

Let /Uj = piPi, ipi = WiQi we introduce a space-step Lagrangian 

Lrii,Hi,i)^ = L - rji - fii - ipi. 

In virtue of Theorem 16.51 some curve Q G '^r;,,^j,,V', (pseudo connecting orbit set) 
such that dCi = (CiXi) connects certain Aubry class Aj^{ci) to another Aubry class 
j'+i "^here d = ttQ. Such curve stays entirely in the interior of Mf . Therefore, 

along such curve both pi and ipi do not contribute to the Euler-Lagrange equation, 
consequently, is an orbit of 

As pointed out in Definition 16.41 such local connecting orbit of type-h possesses 
certain kind of local minimality. There exist two (n — l)-dimensional disks V~ and 
with TTVr C Nr\Aj^{ci), 7rV+^ C big numbers T+ > 0, 

suitably small di > and quite small e* > such that Q{—Tj^) G V~, C,i{T^) G Vj^-^^ 
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and 

(7.6) min|/i^(a;-,mo) + /iJ,^^,^^(mo,mi) + /i^^^(mi,x+) : 

(mo,mi,T) G d{Vr x x [T+ - d,,T+ + d,])] 
> min|/i^(2;",mo) + /i^^,^^,^^(mo,mi) + /i~^^(mi,x+) : 

(mo,mi,T) G x x - ^^,1;+ + d,]} + 5e*, 

where x~ G a((iCj) ^ -^ii(cj); 2;+ G ^{dQ) C ^j/(cj+i). The disks and VJ^^^ are 
chosen so that Ci intersects them transversahy, for each {fho,fhi,T') G V^^ x y.^-^ x 
[T^ — di, Tj^ + di], the minimizer of /i^. ^. ^.{friQ, mi), 7j(t, ?fio, fhi,T) has the property 

(7.7) 7i(t)eMf vtG[-r,r]. 

Let Q-i be the locally minimal curve generating an orbits dCi-i connecting A{ci-i) 
to .4(cj). Denote by Aj' the Aubry class which contains the w-limit set of dQ_i. It 
is possible that A^i is different from A-j which contains the a-limit set of dCi- Let 
us assume that the Aubry set consists of ki classes. By the result in [CP], the 
subscript of Aubry classes can be rearranged such that some Cj-semi-static curve 
7ij exists such that a{d'yij) C Aj and uj{d'yij) C Aj+i for j = ,ki (mod ki). 

So some positive integer k < ki exists such that jj — j. = k < ki (mod ki). Let 

= min(ic(A(c«)>-^i'(ci))- 

We choose some (n — l)-dimensional small disks V^j with j = j[, ■ ■ ■ ,ji such that 
V^; = V-'^, V~- = V-~ , K'^- is located within Ni j, a small neighborhood of Anlci) such 
that dc{m,x) < di/6 holds for each m G A'jj- and each x G ^j(cj) (see Proposition 
17.11 for the definition of Nij), jij intersects V~j as well as VJ^+i transversahy. These 
curves also have locally minimal property similar to the form of ()7.6p : 

min|^?°(a;~,mo) + /i^(mo,mi) + /i^(mi,x+) : 

(7.8) (mo,mi,r) G d{V,- x x K+. - r„T;+ +r,])} 
> min|/i^(x",mo) + /i^(mo,mi) + /i^(mi,x+) : 

(mo,mi,T) G F,;^- x x [T+. - r„i;+ + r,]} + 5e*, 

where x^ G ^j(ci), x"*" G ^j+i(ci+i), T^"!^- is the time such that yij{2T^j) G VJj+i if 
7ij (0) G V~j. As semi-static curves are totally disconnected, by assumption, V,-~ and 
VJ^+i can be chosen so that any curve in J\fjj+i{ci) does not touch the boundary of 
Vr^ and of V^.^,. 

Note that h'^ = limr_^oo in the autonomous case |Fal| . we find from Proposition 
Othat, for any e* > 0, there exists Tr. = Tr.{e*) > such that 

\h^^{m,m) - h'^{m,x) - h'^(x,m')\ < e* 
holds for each T > T~-, each m,m' G Nij and x G Aj{ci). 
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Let 4 = t+ , < tT., < t+ . . . < < tr^^ = tr, 2At+ = t+ - tr., 2At7. = 
t~j — tfj. A curve 7: [tf,t~] — )• M is called admissible for F^^- if 

(7.9) 7(i±) = <, Vj;'<j<j„ 

where At^^- and ^t^j are chosen to satisfy the condition 

(7.10) T+^-n<At+^<T+^ + n 



which is for the inequality (j7.8p . the condition 

(7.11) 7;-. + T+ +n< At-. + At+. < 7;-. + 7^+ + 2r, 

which is set so that the minimal curve does not touch the boundary of V[j provided 
it passes through V^^j at t = tfj and through ^j^+i at t = tfj+i ^^'^ condition 

(7.12) Tr^ + T+^_, + r,_i < Atr^_, + At+^_, < Tr^ + T+^_, + 2r,_i. 

which is set so that the minimal curve does not touch the boundary of V^^j provided 
it passes through V-'--, at t = t~-_^ and through V^~- at t = t~-. These conditions 
define non-empty set for (At^^., At~j) if sufficiently large T-^- is well chosen. 

We consider the minimum of the following action among all admissible curves: 

4''' {xt,x-) = inf r {L - m){dl)dt. 

7(t-)=^-ev;-.. 

Let 'y{t,tf , xf): [tf,t~] — )• M be the minimizer of the action. If t~j — tfj is suffi- 
ciently large, the minimizer is smooth at each t~ < t~^., , -, < • • • < tf- . Indeed, if 
(x-.,rE+ +1, At+.) G d{Vr^ x V+.^, x [T+ - n,T+ + n]) holds for some < j < ji, 
one obtains from (17.81) that 



+ /i^«,,e) + c+,(c,^.-,+i)-2e: 
+ c«,>e) + c+,(c,^.-,+i)+36: 

where ^ G ^j(cj), ( G ^j+i(ci), as well as xf_^i is the intersection point of a curve in 
J\fjj+i{ci) with V^- and with V^^_|_i respectively. This contradicts the minimality of 7. 
If the minimizer 7(t, tf ^xf) is not smooth at x~-, we join the points ^{t^j — 5, tf,xf) 
and 'yit~j + S, tf ,xf) by the minimizer of 

hiMt-,-S,tf,xf),j{t-^+S,tf,xf)). 

By the argument below, one can see that this minimizer pass through V[~y Thus, 



one obtains a curve 7' by replacing the segment of 'y{t,t- ,x^ )|,- , r by this 
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minimizer. Let t' be the time of this curve passing through V^-, clearly, tf^ — t' G 
(r.^. — Ti,T^j + Tj), 7'(t') does not tough the boundary of V~j. But this is absurd. 

The case of type-c. For each integer i £ Uj^eAc^^i'^i + 1) " " " ~ 1}) there 

exist an admissible section Sc^, a neighborhood Ui of N{ci) n Sc^, two closed 1-forms 
rji and /Xj on M with [rji] = Ci, [fli] = Cj+i — Ci and supp/xj fl C/j = 0. Correspondingly, 
an admissible coordinate system x — t- G^^x on M is chosen such that in the new 
coordinates, one has a covering space vTj: Mi = MxT"-i M, the set tt^'^T.c^ consists 
of infinitely many compact components Sc^ = + J^i = = (xi + j,X2, - ■ ■ , Xn) : 
X G S^.} (j G Z). M is separated by Sj?, into upper part and lower part Af^". A 
smooth function M — t- [0, 1] is constructed such that pi = for x £ 
and Pi = 1 for x G Ml^\(T,^_ + 6i). The number (^j > is chosen so small such that 
+6i)n {M{[T]i + p,i]) + 6i) CUi, (cf. formula 1^). Let /xi = pifli. 

To make notation simpler, for each integer i G Ui^eAc'f^i' ' ' ' 'b+i"-*^}' 
V'i = 0, y." = {gi = — -fCj} and V-~^-^ = {qi = Ki} in the coordinate system q = G^^x 
(see the corollary 16. II for the definition of Ki). Again, let 

Lr]i,fii,tpi = L — r]i — Hi — ipi. 

Since the class Cj is equivalent to the class q+i and they are close to each other, one 
sees from Theorem 16.41 that each curve 7 G ^r)i,iii,'^i determines a locally minimal 
orbit type-c d"^ which is an orbit of and connects A{ci) to 

Let fh G fh' G Vi^i and let ^i{t,fh,fh') : [—T,T] — )• M be the minimizer of 

According to Lemma [O] and Corollary EH 3 /Cj > 0, 1^+ = T^^^Ki) > 0, there 
exists T < such that hi ,, , (m,m') = mi-T'>ohl ,, (fh,fh') provided the first 
coordinate of rh as well as of rh' satisfies the condition that fhi < —Ki and fh\ > Ki. 
The minimizer ^i[t,ifi,rh') : [— T, T] — )• M satisfies 

(7.13) ji{t,m,m) G Ui, whenever ^i{t,m,m) G S^!. + (5j. 

As the codimension one disks V^^ and are codimension one tori in different 
coordinate systems, their relative position is fixed in the universal covering space. 
For this purpose, we define the following covering spaces: 

M" %Mi^ Mi, 

where Mi = {{qi, - • • , q-n) '■ Qi niod 2ij7r} and Mi = M x {(52, • • • , Qn) '■ Xi mod 2ij7r} 
in the coordinate system q = G^^x. For simplicity, we use the same notation for 
a fundamental domain of in M", namely, restricted on the projection is a 
homeomorphism and vfiV^^ = Vj^ . In the coordinate system q = G~^x, both V~ 
and Vj^^ are some translation of unit {n — l)-cube {gi = 0, G [0, 1) Vi = 2, • • • , n}. 
Clearly, there exist (n — 1) irreducible integer vectors {v2■,v\,■■■vl^) such that 

7friy.-= IJ V- + hv\, vfrV+i= U y+i + M- 
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Given a fundamental domain V^^ and a Q-semi static curve 7^, one can find a lift of 
this curve to the universal covering space, denoted by 7^, which intersects V^^ C M". 
Clearly, it uniquely determines a fundamental domain Vf~ (up to a translation) by 
requiring the conditions that the curve 7j intersect it also, 7fj_iV^~ is above the 
C Mj-i and mm{q^ - : q~ £ vfj-iV^", g+ £V^} = K'-. We say that the two 
fundamental domains V^^ and V~ are (cj, K^)-Te\dXed if they satisfy these conditions. 

Let Vj^ and be (cj, Kj')-related fundamental domains. Given positive integers 
kl' , k~ , we define 

kf^i^= U K^ + kiv}. 

\ki\<k^,£=2,---n 

Obviously, 7fi_ik+K+ = V;+ C Mj-i. Let G k+V+, e k^K" one defines the 

^ ' 66 t 6 tot t t 

minimal action of Lc^ connecting these two points 

^ci(5,^,^j ) = inf inf / Lc^{dQ{s))ds. 

1 >U f(_r)=j+ J-T 
C(T)=.-r 

Let 

^c.(k+F+,kry.-)= min , /ic.(i+,^T)- 



Clearly, for fixed kf, some positive number > and suitably large integer k^ exist 
such that k^V^"*" does not touch k^V^~, 

(7.14) K,{zt,~z-) > /ic,(k+F+,kry.-) + e[, if d{z-,d\^-V-) < 1. 

Clearly, h{z^ , z~) ^ co if k^ — > oo and z~ G 5k^V^~. 

One can also define related fundamental domains V~ and Vj^^ similarly. Given a 
fundamental domain F-^ and a curve 7 G '^rii,^, we pick up a lift of this curve to the 
universal covering space, denoted by 7, which intersects the section . A unique 
fundamental domain V^^^ exits where this curve intersects. Recall the projection of 
these two fundamental domains takes the for = {qi = Ki} and V~ = {qi = —Ki} 
in the configuration space Mj. We say that the two fundamental domains and 
Vj^^ are (r^j, /Xj, A''i)-related. 

As the Lagrangian Lr|■^^^ is clearly well-defined in the universal covering space, let 
us consider its action in the universal covering space: 

K,t^iiK^k*z+^^) = mi inf [ L^,,^,(dC(s))ds, 

C(T)=fc*.-+j 

where k*z^_^j^ = z'^^-^ + Y^^=2 ■■■n +^^'"1 stands for a translation and k = (^2, • • • ^n)- 
Obviously, one has 
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where the term infT>o h'^.^^^{x^ ,x^_^_i) has been defined before by consider the action 
in the configuration space Mj. As above, one defines 



;j (k- ,Kt^-iV^,) = min h 



l+l l+l 



Again, for fixed , some positive number ej > and suitably large kf^-^ exist such 
that \i.^V-^ does not touch k^^Kj^^ ^^'^ 

(7.15) h,,,,^{z7,zt,,) > /i,,,^,(krFr, k+ + e„ if i, 9k+K+i) < 1. 
Clearly, h^,,^,,{z- , z^^^) ^ oo if ^ oo and e dkfV-X^. 

Let = k^Vj^. By induction, these sections V"-^ are well defined such that F-"*" 
and V-^ are (cj, Kj')-related, and V^^^^ are (r^j, ^Uj, Kj)-related, the formulae (|7.14p 
and (jT.lSp are satisfied. 

As the third step of the construction, let us clarify what conditions the candidates 
of minimal curve are required to satisfy. 

Let 7: [—K, K'] — )■ M be an absolutely continuous curve joining m to m', i.e. 
j^—K) = m and "y{K') = m'. We divide the interval [—K, K'] into 2x^+1 subintervals 

[-K, K'] = to ] U [t^,tt] U • • • U [t+ , t- ], 

where Iq = —K, = K'. Correspondingly, we divide the curve into 2im+l segments 
T^" = 7l[f+,f-], it = l\[t7.t+] ioT i = 0,1,2,- ■■ ,im- 1, and 7" = 7|j,+ y 

We fix a lift 7 of 7 to the universal covering space M" by choosing vfGg ^7(tQ ) G Vq". 
Correspondingly, each has its lift 7^^ to M". 

The curve 7 is required to satisfy the conditions: 

1, for each i = 0, 1, 2, • • • — 1, there is some fcj € Z such that 



^'.Gr^7+(t-)-(2A:,7r,0,-- - ,0)eV-, 
(7.16) vf,Gri7+(t+ ^) - (2A;,7r, 0, • • • ,0) G F+i; 

2, for ^ G U,eA.{^. + !,•••, ^,+1 - 1}, l{tf) G F^. Let At+ = , - tr) and 
Atj" = ~ ^t)- formulate the conditions for Atf, let us consider the quantity 

/At 
(L-7?,)(d|(t))di. 
- « - I -^^ 

One obtains from the proof of Lemma 16.21 that h^^{zf,z'^) 00 as At —J- or 

— )• 00. Thus, if = {zf , z^) is defined as the quantity such that /i^' {z^ , z~) = 
miuAt -S~), then we find < {zf ,z^) < 00. Since both V^L and Vf[^ are 
compact, there exist < Tf' < < oo such that T-^ < T^^ {z^ , z^) < holds for 
each z^ G V^L and z^ G VJ^- Let 



(7.17) ATr = \fr,Tr 
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The range of Atf is somehow imphcitly defined. Let 
(7.18) A7;+ = [T+ - d^,T+ + di], e U + !,■■■, ij+i - 1} 

AT+ = {0,T+], ATr = [fr ,fr], for other i < i^. 

See (j7.6p . (j7.13p for the definition of and (j7.17p for the definition of ATf respec- 
tively. 

The conditions for Atf are the following: 

1, Atf G Ai;+ for all < i < im] 

2, At- G ATr for i e U.^eA^b' + 1, + 2, • • • , ij+i - 1}; 

3, for i G Ui eAftib'^i + 1, • ■ ■ ~ l}i as it has been assumed that the Aubry 
set A{ci) contains finitely many classes, an orbit connects A{ci-i) to A{ci) by ap- 
proaching the Aubry class Aj' as t — )■ oo, another orbit connects A{ci) to A{ci+i) 
by approaching the Aubry class Aj- as the time retreat back to — oo. For the time 
interval [tf,t~], one has the partition 

[tt,t;] = [tt,t7^,] u ,+J u • • • u 

and has restrictions for these quantities, formulae (|7.1Up ■ (|7.1ip . (|7.12p and 

(7-19) t;-, + + < At-.^ + Atf < t;-^ + T+ + Sd,, 



(7.20) T- ., +T+ + di< At- ., + Atf < T', ., +T+ + 



3d,; 



4, for i = with ij G A/^, by definition, Cj is equivalent to Ci_i, one has 

(7.21) Tr^Tt< Atf + At; <fr+T^+ + 2d,; 

5, for i = ij with ij G Ac, by choosing Cj_i suitable close to Cj one can also assume 
that Cj is equivalent to Cj_i. Thus, one has 

(7.22) f- + T^t^ < AtU + ^tr <f- + T^^ + 2d,_i. 

As the system is autonomous, by choosing sufficiently large T-~, these conditions 
defines non-empty set for {Atf ^ At~). 

Finally, let us introduce a modified Lagrangian and verify the smoothness of the 
minimizer of the action. Recall jii and ipi are defined on M x in the coordinate 
system q = G^^x, G*{fii + ipi){dj) = {ni + ipi){TtG~^dj) is well defined. We introduce 
a modified Lagrangian 

-^'r?,,^,,^/', L-rji- {kiGiYim + ipi) 

where k* is a translation of qi: {ki)*(f)[q, q) = (f)[qi — Inki, q, q) on TM and the integer 
ki is chosen so that (I7.16P holds. 
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Let t = {tQ,tf,--- ,tf^_^,tfj, z = {zQ,zf,--- ,zL-i^4j- We consider the 
minimal action 

{L-ri,){djr{t))dt 

(7.23) + 1^ f''^\L -r,i- {hGirifii + ',Pi)){d^t (t))dt 

where the infimum is taken over all C^-curves 7: [—K, K'] — )■ M with fixed boundary 
conditions T^iG^^^fit-) - {2ki7r, 0, • • • , 0) = ^r, 7tiG-^+ (tt^^) - {2kiTr, 0, • • • , 0) = 
for i = 0, 1, • • • ,im — 1> 'yi—K) = m, ^{K') = m' and satisfying the condition 
(j7.16p . Moreover, the restriction of 7 on [tf ,t~] is admissible for the condition (j7.9|) . 

As the system is autonomous, the quantity h^'^ {m,m' , z,i) remains constant if 
{t, K, K') is subject to a translation. Thus, it is a function of K' — tf^, tQ+K and 
At* = {At^, Atf, • • • , At^_-|^}. Denote by AT the domain where At* takes its value. 

Let V = {V^ , ■ ■ ■ )^i^_ii^i^)> where all entries have been well defined in the 
previous proof. 

Denote by ^{t; K, K' ,m,m' , z, At) the curve along which the quantity of (j7.23p 
is realized, it obviously depends on the value K, K' ,m,m' , z, At and it may not be 
smooth at t. Let At range over the set V and AT, one obtains a minimizer. The 
purpose of the following steps is obviously to show that the minimizer is a solution 
of the Euler-Lagrange equation determined by L. 

Let h^'^ {m,m') be the minimum of h^'^ {m,m' , z,i) over V in z and over AT 
in At respectively: 

[m,m ) = mm [m,m,z,t), 
AteAf,zeV 

denote the minimal curve by ^{t; K, K' ,m,m'), we claim that d'y{t; K, K' ,m,m') is 
a solution of the Euler-Lagrange equation of L if X and K' are sufficiently large. To 
verify this claim, we need to show that 

1, d'y^ = d'y\/.,+ solves the Euler-Lagrange equation determined by L. Restricted 

i 

on At~ , it obviously solves the Euler-Lagrange equation. 

2, 7(t; K, K' , m, m') has no corner at Giz^ and Gi^izf for each i = 0, 1, • • • Zm — 1, 
i.e. it is smooth for the whole t G [—K^K']. For each i G A/,, as 7" = 7|At- is 

i 

the minimizer for the curves admissible for the condition (j7.9p . it is smooth at each 

Indeed, if i G Uj^eAhi^i' '^i + !)■■■ i^j+i ~ 1}) we obtained from (|7.7p that 

7+(t) G Ui when 7+ (t) - 2ki'K G S° + 5i, 

where '^f = TtiGi^^ . Since the support of /2j has no intersection with Ui and tpi is 
closed in Ui, while //j is closed and if^i = in the region {^^i{t) — 2ki7r [— Aj, Aj]}, 
the term /ij and xpi have no contribution to the Euler-Lagrange equation along 7^^. 



m, m , z. 



t) = -My: 
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For other i, the conclusion is obtained from (I7.13P by similar argument. This proves 
the first one. 

Recall the disks V-^ and are defined in the covering space Mj. We claim 
that 7 does not touch the boundary of GjVTjF-^ x GiTTiV^^-^ x [T-^ — di,T^ + dj] for 
^ £ Uj^GAfti^i' + 1) ■ ■ ■ 1 ij+i — !}• Let us assume the contrary, i.e. {z~ , z'^j^^, ^^t) ^ 
diVi" X y^Xl X [^t - duT+ + di\) holds for some i G Ui,eA,{^i' + !>•••> ^i+i " 1}> 
where zr = ^^G-^^+(tT)- {2kiTr, 0, • • • , 0) and z+ = TtiGr^+{tf) - {Ihm, 0, • • • , 0). 
Then, in g = G~^j;-coordinates, we obtain from (j7.6p and (j7.18p that 

+ hf^^t^ {TTizf^^,G:r^Gi+iTiizr^^) 
>/^-(e,vr,z-) + + hT,^M^t+iX) 

+ hf^{Gr'G,^,7r,zt,0 + C+,(C, GriQ+i^,^r^i) - 2^ 
>/.-(e,vr.x-) + h^^^^^^(x-,xt,i) + C+.(^«^m'C) 

>hc/' {Gr'^Gi^iniZ+ ,nixr) + h^l^^^^^ixr ,x+^^) 
+ /if!++'(vrix,+ ^, G^iQ+ivr^z^- J + e* 

where x~ and x+^^j^ are the intersection points of a curve in "^rjj.^i.i/^i with V~ and with 
l^j^]^ respectively, ^ G 7W(cj_i) and C G 7W(cj). This contradicts the minimality of 7, 
thus it verifies our claim. 

To see the curve 7fjG^^7 — (2/cj7rj, 0, • • • ,0) is smooth at z~ , let us assume the 
contrary again. Let z' = vfjG^ 7^" {t~ — 6) — {2ki7r, 0, • • • ,0) and z* = vfG~ jti^T + 
(5) — (2A;j7r, 0, • • • ,0), here 6 is chosen so small that Atf ± 6 £ [T^ — di,T^ + di]. 
This is possible since (2^", z^:^^^, At+) ^(y." x 1/.+-^ x [T^ -di,T^ + di]) imphes that 
— di < Atf < + di. We join these two points by a minimizer ^ : [—5, J] — )• M 
with ^(-5) = z' and ^(5) = 

[^c,(el[-5,5])]= inf f {L-^,){das))ds. 

C{«)=z* 

If ^ passes through V~ , we obtain a curve 7' by replacing the segment of the minimizer 
7|j^__^^__^^j with Gi^ : [—6,5] — M. Let be the time for 7' passing through 

Gi7rV~, then -t'r) £ AT^ and - tf) G AT~ . Consequently, we would 

get an absolutely continuous curve which is admissible for each condition (see (I7.18P 
and (j7.20p ). Along this curve we would get even smaller h^'^ {m,m'), but this is 
absurd. So, we only need to show that ^ passes through GiV,-~ . Indeed, as V^^ is 
chosen small and transversal to the local connecting curve in ^r;^,/^^,^',) 7j~(*) ^-^d 7j^(t) 
approaches GiV~ from different sides as i \ t~ and t respectively. Otherwise, 

the minimality of 7 would be violated. One refers to [BCVj for the details. The 
smoothness at GiZ^^ can be proved similarly. 
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The smoothness of ^ at t = tf for i £ Uj^eAci^i'^i + !)■■■ i^j+i ~ 1} is obvious. 
Because of the formulae (j7.14p and (|7.15p . 7 does not touch the boundary of at 
the time of tf respectively. Indeed, 7 approaches from different sides as t \ if 
and t tf respectively. If 7 has a corner at t = tf , let (: [tf — 5,tf + 5] — M" be 
the minimizer of the action 

then the curve ( penetrates through the disk Vf^. Replacing 7|[(±_5 j±_(_^j, a segment 
of 7 by this minimizer C one obtains a curve with smaller action. The contradiction 
verifies the smoothness. 

If Cj_i is connected to Cj by a type-/i orbit and i G Ui^eAci^i' + ' " " ) ^j+i ~ 1}; 
then is a small disk. By the same argument as above, one obtains the smoothness 
of 7 at t = and the smoothness at t = tf from the arguments for type-h. 

As the system is autonomous, the following limit exists 
h'^{m,m') = lim hf^'^ {m,m'). 

We pick out a sequence of ^{t; K, K' ,m,m') for large K and K'. Obviously, the 
set {'y{t; K, K' ,m,m')} has at least one accumulation point 700: M — )• M with the 
property 0(^700) C A{c) and uj{d'yoo) ^ A{c'). As we have shown, it is an orbit of 
This proves the first conclusion of the theorem. 

For any two points x,x' G M, we let x = m and x' = m' . Clearly, the sequence 
{7(t; K, K' , X, a;')l[o,A']} approaches to a forward c-semi static curve as K ^ 00, which 
starts from the point x, and {'y{t; K, K' , x, x')\,,- ^,1} approaches to a backward c'- 

semi static curve as K' — >■ 00, which approach to the point x'. Therefore, for suffi- 
ciently large K, K' , the initial value (7, 7)|t=o falls into any prescribed 5-neighborhood 
of the points {x,v^,,) and and the orbit arrives at the (5-neighborhood of ix',v~^,) at 
the time t = K' . This completes the proof. □ 

The proof for time-periodic system is similar, and a bit easier from technical point 
of view, since one can treat the time variable t as the first angle variable and take 
{t = 0} the section for all classes. One does not need to introduce various coordinate 
systems {G^^} for different cohomology class. We omit the details here. 

8. Proof of the main theorem 

Once one obtains the existence of a generalized transition chain in the system (jl.ip , 
Theorem II. II is proved by applying Theorem 17.11 Therefore, the main purpose of this 
section is to show the genericity of such transition chains. 

8.1. Candidate of transition chain. Let us consider the Hamiltonian (II. ip . For 
any point yi G h~^{E) (i = 0, 1, • • • ,k), there is a point y[ G h^^{E) such that 
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Wi — Uil < the frequency to'- = Vh{y'j) satisfying certain resonant condition, i.e. 3 
ki G such that {u}[,ki) = 0. Let 

Efc = {w G : {uj,k) = 0} 

denote the resonant plane determined by k, it passes through the origin. Note 

nE = {uj = Vh{y) : y G h'^{E)} C 

is a surface homeomorphic to 2-sphere with the origin inside, S^. D il.E is a closed 
curve on that surface. In general, ki is not co-linear with /cj+i, Thus, we obtain a 
resonant path connecting oj'q to w^: moving from co'q along the curve n f]^; to the 
intersection points with the curve D^e, (the segment is denoted by T^^i^q), then 
moving along Sfc^ Ci^e, passing through {Vh{y) : y G Bs{yi) n h~^{E)} and reaching 
the intersection point with n Slg (the segment is denoted by T^^^J and so on, 
one obtains a resonant path 

= r^,o * r^,i * • • • * r^,fc-i- 

By construction, one sees that F^^ passes through each {Vh{y) : y G Bs{yi) Ci h^^ (E)} 
with i = 0,1, ■ ■ ■ ,k. There are many resonant paths that pass through the neighbor- 
hood of each Vh{yi). 




Figure 9. The resonant path in the surface of h ^{E). 



Under the inverse of the frequency map cj — )• y = (V/i) ^(w) we obtain a path 
F = Fq * Fi * • • • * Ffe„i in action-space, where Fj = {Vh)~^Ti^^i. 

Let i{x) = maxy{{x,y) — h{y)) be the Lagrangian determined by the Hamiltonian 
h, (p^ be the Lagrange flow. As the system is integrable, the action variable y keeps 
constant along each orbit of which obviously lies in the support of certain c-minimal 
measure with c = y. In this sense, one obtains a path Fc C i/^(T'^,M) and Fc = F if 
we identify iJi(T3,]R) = R^. 

By the study of normal form, finitely many points yo = ,yi, ■ " UN = £ F exist 
such that each tOi = Vh{yi) is rational frequency vector with period Tj < Koe~^ and 

U {y:||y-y.||<^7;-V}DF+|e'^+^ 

0<i<N 

where a < 1/Q, g = {1 — 3o")/6, see (|A.9p . Obviously, N depends on e, the size of 
perturbation. Under r — 2 steps of KAM iteration, we obtain the normal form 



Hi{x,y) = h{y) + eZ^.i{x,y) + eRe,i{x,y), 
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which is vahd in the domain {y : \\y — yi\\ < fiT^^e'^} x T'^. In which Zg^j is resonant 
with respect to Ui, \\Re,i\\c'2 = Oie^'^^'^^'^). 

As the term Z^^i is resonant with respect to Ui, it can be written in the form 

Z,4x,y)= ^ Z,,,,fc(y)e*<'='-). 

Clearly, some indivisible ki £ 1? with |A;j| < Tj exists such that {ki,uji) = 0. Moreover, 
{k',(jJi) = holds if yi G T' or {k*,uji) = holds if G F*. Clearly, an integer vector 
k'^ G exists such that the matrix Ij = {k',ki,k'^ or Ij = {k* ,ki,k^) is uni-module. 
Each A; G with {k,uJi) = determines uniquely an integer vector (ji, j2) G Z^ such 
that A; = ji/cj + j2/c' or A; = jiki + j2A;*. 

We introduce a coordinate transformation: (x, y) — )• (p, (7) such that 

(8.1) q = lix, p = l;^y. 

This coordinate transformation is symplectic and, with respect to 5, Hi{p,q) = 
H{I^^q,Iip) is also a function defined in T". Let y be the point where Vh{y) = uj, 
then the gradient of h{p) = h{Iip) satisfies 

a)i = Vh{p) = (0,0, Wis), 

and Z^^i{p,q) = Z^^i{Iip, I^^q) is independent of qi, thus we can write Z^^i{p,q) if we 
write g = (91,92) • 

We still use (x, y) to denote the new coordinate system. Around a strong resonance 
point uji and the normal form takes the form 

(8.2) Hi{x, y) = h{y) + Z.^x, y) + R,.,{x, y) 

in the new coordinate system ()8.ip . where x = (xi, X2, X3) = (x, X3), y = (yi, 2/2, 2/3) = 
{y,yz)- This form remains valid in 

Tr=^x{||/,(y-y,)||<i;-V} 

and at y = yi one has dyh = (0, 0, ^^3) with 013 / 0. 

To make use of the results obtained in Section 4 and 5, let us consider the truncated 
Hamiltonian 

Hi,T = h{y) + eZ,,i(x,y), 
and the homogenized Hamiltonian 

Hi = ^(-4y -yi,y- m) + eVi{x), 

where Vi{x) = Zo,j(x,yj), A = d^h{yi). 

In the new coordinate system, we use j to denote the resonant path in a neigh- 
borhood of Di = (0, 0,a;j^3): u £ <^=^> Ijo; G F^^j. Recall the Fenchel-Legendre 
transformation i7i(M, M) — )• i7"^(M, M), determined by the /3-function. Let 

. J, and be the /3-function determined by h, Hi^x and Hi respectively. Obvi- 
ously, ^py^{r^,i) is still a curve. As was studied in Subsection 4.3, =Sf/3^_ ^ (F^^^j) is 
composed by a flat Fq joined with two channels. See Figure [10] below. These chan- 
nels are joined to the flat either at a point or along a sub-flat. The former case was 
thought difficult to handle. 
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Figure 10. The transition chain under tt^ : a^^{E) — )• M^, repre- 
sented by the thick sohd curve. Along the segment from Ai to Ar, C3 
keeps constant. The dashed curve represents the curve 

8.2. Transition chain for incomplete intersection. Let Li be the Lagrangian 
determined by the truncated Hamiltonian Hi, a^. be the a-function. As it has been 
studied in the subsection 5.3, the double resonance corresponds to a flat Fq C a^'^{E), 
around which there exists a annulus of incomplete intersection 

A' = {(ci,C2,C3) G a7^(S) : < C3 < eAo}. 

The following has been proved generic in Theorem I5.2[ For each c G A', the Mane 
set does not cover the whole 3-torus. Let 

Nc,d. = G : B^{x) < die}, 

there exists some di > such that Nc^di does not cover the whole 3-torus for each 
c G A'. Such results are obtained under the hypothesis (Hl~4) proposed in the 
section 5. 

As the truncated system is independent of X3, 

7r3A/'(c)|E = vr37\A(c)|s', T^sNc^d^h = 7r3A^c,dJs' 

where E as well as S' is a co-dimension one section on which 2:3 keeps constant, tt^: 
— )• is the standard projection: 7r3(xi, X2, X3) = (xi,X2). Indeed, let G = G{x,y) 
be the solution of H{x,y,G) = a(c), Lq be the Lagrangian determined by G, Mlq 
denote the Mane set for Lq-, one has ■K^J\f{c) = Mlq{tt3c). If AA(c) does not cover the 
3-torus, TTsM^c) does not cover the 2-torus. Because of a(c) > mina, each c-minimal 
measure possesses non-zero rotation vector. Consequently, there exists some circle 
non-degenerately embedded into the 2-torus such that each c-minimal curve passes 
through transversally and the set vr3AA(c)|2i is topologically trivial, namely, some 
open intervals Ij C exist such that 

U Ij D 7r3AA(c)|2i, Ij n Ijv =0, V j / /. 
One can choose suitable Ij so that 

(8.3) y Ij X {X3 G M : mod27r} D Nc,d^. 

Let Li be the Lagrangian determined by the Hamiltonian Hi. As \\Hi — IIi\\(j2 = 
Q^^i+{r-2)a-^^ some Ci > exists such that the Mane set for Li 

(8.4) AA(c) CiVe,d,, Ve<ei. 
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Let Ti^Gt = ^e(~^ {c3 = Gi} where 

Ae = {(ci,C2,C3) G alliE) : < C3 < eAo}. 

It is a curve. With the preliminary works as above, some c-equivalence along this 
curve can be established. For each c G Tj^G. , let 

= X {xs G M mod}. 

By construction, each c-semi static curve passes through the section Sc transversally. 
Recall 

Vc = (~]{iu*Hi{U,R) : Uis a neighborhood ofAA(c) n SJ, 
u 

one sees that c' — c ^ Vj- provided c' is close to c, Cg = C3 and a(c') = a(c), namely, 
c' G Tj^G^. In this case, some open set U D AA(c) n Sc such that Vc = iu*Hi{U,M.) = 
span{(0, 0, 1)}, from which one obtains that = span{(l, 0, 0), (0, 1,0)}. For each 
class c' G F very close to c, one has c' — c = (Aci, Ac2, 0) G V^^ thus, there exists a 
closed 1-form p, such that [fl] = c' — c and 

supp/i n M{c) n Sc = 0. 

Thus, any two classes along the curve Ti^d is equivalent, thus a transition chain for 
incomplete intersection is established, see Figure [TUJ the thick solid curve from the 
point Ai to the point Ar. 

8.3. Transition chain for complete intersection. By the study in the subsection 
5.2 (see Theorem 14. 2p . there are two wedge-shaped channels W and W which extend 
into the annulus A, W = Ua>Ao>o-^^('^5) and W = Ua>a^>o-^^(-^5')- Each of these 
channels corresponds to a normally hyperbolic cylinder Ile,g invariant for the Lagrange 
flow: for each class c in the channel, M{c) C ^e,g if C3 > De^^^' . The coordinate 
system is chosen so that X3 > for each point in the domain we are interested in. The 
intersection of n^^^ with {X3 = constant} is a 2-dimensional cylinder, denoted by 11^^^ 
which is invariant for the return map. Indeed, to study the transition chain in this 
wedged-shaped channel, it is good enough to study the Lagrange flow determined by 
G, where G{x, y, — r) solves the equation H{x, y, r, G) = Eq. 

Each invariant circle in the cylinder is a Lipschitz curve. Indeed, in this case, the 
minimal measure is supported on a two-dimensional torus suspended by this invariant 
circle. Since the cylinder is normally hyperbolic, this torus has its local stable and 
unstable manifold. It implies that the forward (backward) weak KAM solution is 
differentiable when it is restricted in a neighborhood of this 2-torus. Note that weak 
KAM is a viscosity solution. It is well-known that a G^ viscosity solution for Tonelli 
Hamiltonian must be G^'^. Thus, one sees the Lipschitz property from the facts that 
stable (unstable) manifold is the graph of the differential of certain weak KAM, the 
cylinder is smooth and the invariant circle is the intersection of the cylinder with 
these stable (unstable) manifold. 

A segment of the cylinder 11, bounded by two invariant circles, is invariant for the 
return map which preserves some "area" element. Let ip: IIq = [0, 1] x T — t- 11 be the 
map, it pulls back the standard closed 2-form uj = dx A dy to a 2-form on 11. Since 
the second de Rham cohomology of a cylinder is trivial, by Moser's theorem on the 



ARNOLD DIFFUSION IN A PRIORI STABLE SYSTEMS 



97 



isotopy of symplectic forms, there exists a diffeomorphism ipi which transform this 
form to the standard 2-form, namely 

{iljoiljiyuj = d9 AdI. 

Since return map <I>g preserves the form w, one has 

{{tP o o ^.^ o o ^Pi))*de AdI = d9A dl. 

Some finite covering manifold fr: M — )• T'^ is chosen so that the lift of the Aubry 
set on each section {x^ = constant} consists of two invariant circles, denoted by 
Ao{c,M X T) = Ti^c U T2,c- Let Ni^c be a small neighborhood of Ti and be a 
small neighborhood of T2 such that A^i is disjoint with A''2. Obviously, 

Moic,M)\{NiUN2) ^ 0. 

To construct transition chain in this situation, one need to show it is totally discon- 
nected set. The counterpart in the energy level of the autonomous system is totally 
disconnected orbits connecting two 3-dimensional cylinders. 

One can find the argument for this issue in |CYlj . For convenience of reader, let us 
briefly describe here what is the idea of the proof. Let uf^ be the forward (backward) 

weak KAM solution determined by Tj^c with (i = 1,2), A point x € MoicjM) if and 
only if 

j; G argmin(U]^^^ — m^^)|t-=o> ov x £ aTgmm{u2^^ — u^J\r=o- 

Thus, the problem turns out to be another version: argmin(u^^ — U2^)\r=o is totally 
disconnected when it is restricted in M\{Ni U A'^2)- For this purpose, a regularity 
result in [CYTl [CY2] is used: 

Lemma 8.1. For each of the weak KAM solutions under consideration, the Aubry 
set is assumed to be an invariant curve in a normally hyperbolic cylinder. Let il^ be 
the set of these weak KAM solutions in -function space, then this set has finite box 
dimensions 

I?b(H±) < 3. 

Proof. By Lemma 6.4 in [CY2] . some "area" element a = dO A dl \s introduced so 
that each cohomology class c uniquely corresponds to an area a and 

W^ta - u"^' ,Aco < C(x/|a-CT'| + \c-c\). 

As c is restricted on a line, one immediately obtains the result from the definition of 
box dimension. □ 

Let S = Ii x/2 be a small rectangle such that S C M\(A''iUA''2) and TT±(f>Q{x, x) ^ S 
for each ^ k £ provided x £ S and x = dxU~{x), it makes sense as weak KAM 
is differentiable almost everywhere. Let vTj: — )• M denote the standard projection 
7rj(xi, X2) = Xi for i = 1,2. 

Lemma 8.2. It is an open- dense condition for G such that 

TTi argmin(n5;;^ - u^c)|5x{t=o} £ h 

holds for all c. 
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Proof. Since the system is positive definite in y, it has a generating function W{x, x') 
such that 

y' = d^>W{x, x'), y = -d^W{x, x'), 
if {x',y') = ^Gi^^y)- One has relation between the generating function and the 
Lagrangian For x and x' in the universal covering space, we let 

Wc{x,x)=mi inf / Gc{d^{s))ds + ta{c), 

and 

Wc{x, x') = W{x, x) — (c, X — x). 
Let x' = x'{x,y) be the function solving the second equation, one obtains somehow 
more explicit form of the map: 

y' = dx'W{x,x'{x,y)), x' = x'{x,y). 

If perturbing the generating function by W{x, x') — )■ W{x, x') + W{x') where Wi is a 
smooth function such that suppWi C S, one find the map will be 

y' = da:'W{x, x'{x, y)) + dx'W{x'{x, y)), x = x'{x, y) 

if x' G S. 

By the choice of S, 7^3, (it A;) ^ S with / fc E Z"*" if 7^^ is a forward (backward) 
c-semi-static curve such that 7^3; (0) = x. Therefore, for the perturbed system the 
barrier function subjects a translation when it is restricted on S 

B^{x) B^{x) + Wi{x), Vx G S. 

Given a function Bc{x), we define ttIBc{xi) = min^j Bc{xi,X2)- Because of Lemma 
18.11 the box dimension of the set {nlBc} is obviously not bigger than 3. Let ~ denote 
an equivalence in C^, u ~ f if and only ii u — v = constant. Let C^/ ~ denote the 
quotient space inheriting the topology from C". Therefore, in any 4-dimensional ball 
^4,s C C*^ ~ there is an open-dense set ^^^s such that 

0^{B, + Wi}, yWi€V4,5. 

Such small perturbation of generating function can be realized by a small perturbation 
of the Hamiltonian. 

Let be the map determined by the generating function W + kWi, where k, = 
if |x — x'l is sufficiently large and k = 1 in the domain where we are interested in. 
The symplectic diffeomorphism ^' = $'o$~^ is close to identity. We choose a smooth 
function p with p{0) = and p{l) = 1, let $3 be the symplectic map determined 
hy W + p{s)kWi and let ^'^ = ^'^ o Clearly, "ifg defines a symplectic isotopy 

between identity map and ^. Thus there is a unique family of symplectic vector field 
Xs-. T*M ^ TT*M such that 

-^^-s =XsO 

as 

By the choice of perturbation, there is a simply connected and compact domain Dk 
such that ^'s|t*m\Dx = '>'d- It follows that there is a Hamiltonian Gi{x,y,s) such 
that dHi{Y) = dx A dy{Xs,Y) holds for any vector field Y. Re-parametrizing s by 
t we can make Hi smoothly and periodically depend on t. To see that dGi is also 
small, let us make use of a theorem of Weinstein [Wj. A neighborhood of the identity 
in the symplectic diffeomorphism group of a compact symplectic manifold M can be 
identified with a neighborhood of the zero in the vector space of closed 1-forms on 
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M. Since Hamiltomorphism is a subgroup of symplectic diffeomorphism, there is a 
function G', sufficiently close to G, such that $Gi ° = ^Q/\t=i- D 

Theorem 8.1. It is a generic condition for G that for each c G W with aa > De^^"^' 
the set 

Mo{c,M)\{NiUN2)^0. 

is totally disconnected. 

Proof. Divide the region into countably many small rectangles and take the intersec- 
tion of countable many open-dense set. □ 

8.4. Criterion for strong and weak resonance. It is natural to ask, along the 
path r, how many many double resonant points need to be treated as strong reso- 
nance, for each given perturbation eP{x,y). For each a; G F, the resonance condition 

{k,bj) = 

is always satisfied and at each double resonant point some other k' G exists such 
that k' is linearly independent of k and 

{k',uj) = 0. 

Recall the process of KAM iteration, the main part of the resonant term is obtained by 
averaging the perturbation over a circle determined by these two resonant relations. 
It takes the form 

Z = Zk{{k,x),y) + Zk,k'{{k,x), {k',x),y) 

where 

iez\{o} (i,z)ez2j7^o 
Note P is C"'-function, there is estimate on the coefficient Pjk+w 

\Pjk+ik'\<^T^^\\P\\c4jk + lk'\\-'', 
which deduces the estimation 

(8-5) \\Zk^k'h<d\\P\\cr\\k'\\-'-+^ 

where d, = d{k) depends on k. The function Zf; is periodic in q = {k,x), the following 
hypotheses is obviously open and dense: 

(Hl.l): For each y E T, Z^ is non-degenerate at it maximal point, i.e. dggZk(q) > 
holds provided g is a maximal point. 

Proof. Approximating Zk{y,q) by a function which is real analytical and periodic in 
q, one only needs to consider the case that Zk{y,q) is real analytical. In this case, 
the set 

Mk = I I arg max Zk, 
y 

consists of finitely many segments of curve, joined together at finitely many points. 
Obviously, it is open dense that each of these curves is the graph of certain smooth 
function of q, not necessarily defined for whole g G T, Mk contains finitely many 
points, denoted by {qi,yi), where the second derivative in q is equal to zero. Thus, 
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one can also assume that both q- and y-coordinates of these points are different. 
Writing the function in Taylor expansion 

4 

ZK{q,y) - ZK{qi,yi) =^ai{y){q - Qif + 0{{q - qif) 

1=1 

where ai(yj) = for z = 1,2,3. It is open and dense that a4{yi) < 0, the derivative 
of Oj at y = Ui does not equal to zero. Introducing a small perturbation A{q,y) such 
that A{q, y) = 6{q — qi){y — yi) when it is restricted in a small neighborhood of (g^, yi). 
Given a suitably small neighborhood of {qi,yi), by choosing sufficiently small 5^0 
one has 

|Jargmax(Zi^ + A)p|{(g,y) : dqq{ZK + A) = 0} = 
y 

holds in the small neighborhood of {qi,yi)- O 

Given some Zk satisfying the hypothesis (Hl.l), one has A > such that for each 
y G r, dqgZk > X holds at the maximal point. Assume at y' G T, the second resonant 
condition {k',uj{y')) = is also satisfied. One thus obtains the normal form ()8.2I) . 
by performing the coordinate transformation ()8.ip . obtains further the homogenized 
form of the truncated Hamiltonian 

G = {Ay,y) + Vk{x2) + Vk,k'{x) 

where G solves the equation H{x,y,G) = E > mina. The Hamiltonian flow deter- 
mined by {Ay, y) + Vk{x2) admits an invariant cylinder 11^ = {(y, X2) = constant} x 
T which is normally hyperbolic. Applying the theorem of normally hyperbolic man- 
ifold, one find from the estimate (18. 5p that some positive number di = di{\) > 
exists such that <I>^ also admits a normally hyperbolic and invariant cylinder 11,^^^/ 
close to ^, provided 

(8.6) ||A:'|r-2>-^||P||c- 

di 

It is a criterion to see whether the double resonance is thought as weak resonance 
and can be treated in the way for a priori unstable system. There are finitely many 
k' S not satisfying this condition, thus are treated as strong double resonance. 

Therefore, once a perturbation P is chosen such that (Hl.l) is satisfied, there 
are finitely many double resonant frequencies are needed to treat as strong double 
resonance. 

For strong double resonance, the smallest eigenvalue may be contributed by the 
term Zj-^k'- It is also open and dense condition that 

(HI. 2): at each strong double resonance point, the maximal point of Zk + Zk^k' is 
non-degenerate, namely, the two eigenvalues of the Hessian matrix are positive Xkj > 
for j = 1, 2 and not equal. Indeed, there exists u > such that \k,2 > ^II^IT"^ and 
Xk,i>'^\\k\\''~^\\k'f-^. 

8.5. Proof of the main theorem. Given yo,yi, • • • ,yk we have chosen a resonant 
path so that ^j3i^{T^) passes through 5-neighborhood of each y^. Let eP satisfy 
all hypothesis above, for convenience for reader, we formulate them here again: 
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(HI): for each strong double resonance, the potential Vi attains its maximum at one 
point only, the Hessian matrix of Vi at that point is negative definite. All eigenvalues 
are different: — A2 < — Ai < < Ai < A2. (see HI in Subsection 5.1, Hl.l and HI. 2 
in Subsection 8.4); 

(H2): for the Hamiltonian flow $^ , the stable manifold of the fixed point in- 
tersects the unstable manifold transversally along each minimal homoclinic orbit. 
Each minimal homoclinic orbit approaches to the fixed point along the direction Ai: 
7(t)/||7(t)|| — )• Axi as t ^ ±00. (see H2 in Subsection 5.1. Here, Gi solves the 
equation Hi{x,y,Gi) = E, the transversahty is in the sense that, at the intersection 
points, the tangent space of the stable and unstable manifold span the tangent space 
of the energy level.) 

(H3): For each c G (9*Fo,i, the Aubry set does not contain minimal curve homoclinic 
to the origin {fixed point), (see H2 in Subsection 5.1, each strong double resonance 
is related to a flat Fo,i corresponding to the Hamiltonian Gi.) 

(H4): For g G -ffi(T^,Z), there are finitely many € M such that, for each 
rotation vector Big, the Mather set consists of two periodic orbits, for other rotation 
vector 6g, the Mather set consists of one periodic orbit only. All these periodic orbits 
are hyperbolic, (see H4 in Subsection 5.2, also formulated for the Hamiltonian Gi.) 

(H5): For each c £ 5*Fo,i there exists a disk disjoint either with the support of 
He or of H, restricted on which, the set argmin(C/^ — U^) is non-empty, (see H5 in 
Subsection 5.3, also formulated for the Hamiltonian Gi.) 

Along the resonant path T^, the strong double resonance points are denoted by 
oJo,u)i, ■ ■ ■ ,uJm, where the number m depends on P. Each flat ^/^^^{(jJi) is surrounded 
by a annulus A'j C {E). For each segment of connecting ooi to Wj+i, denoted 
by r^,i, .^pu(^u),i) constitutes a channel connecting A'- to ^[j^i. 

Divide [0, 1] into 2m + 1 intervals 

[0, 1] = [0 = So,i, So,c] U [so,c, Sl,j] U • • • U [Sm-l,j, Sm,c] U [Sm,c, Sm,i = 1] 

and let Tj^c- ■Sj^c] (^~h{E)i [■Sj.o ■Sj+i^j] — a'^{E) denote curves such 

that Tj^c{sj,c) = '^j.i{sj,c), Tj-.j falls into the annulus A^- along which C3 keeps constant 
in the coordinate system used for the normal form and Tj^c falls into the channel 
.^IBuiTuij) connecting A'- to A'-^-^. Let ro,c(0) G .if/3^(ws) and Tm,c{l) e iffe(ii^e)- 
The subscript "c" is used to indicate complete intersection and the subscript "z" 
denotes the incomplete intersection. We choose the chain as the conjunction of these 
curves 

(8.7) r = ro,c * ro,i * • • • * r^-i.i * Tm,c- 

Under the hypothesis (Hl~5), the chain has been shown transitive, in the sense 
of Definition 17.11 when it is restricted on the segments Tj^i (j = 0, 1, • • • ,m — 1). To 
guarantee it also transitive when it is restricted on each segment Tj^c (j = 0, 1, • • • , m), 
one need to impose some condition which has been proved to be generic in Subsection 
8.3, Theorem EB 
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(H6): if the Aubry set covers certain 2-torus in T'^ for c G ^j,c, then certain finite 
covering manifold M and certain two-dimensional section Tic exist such that 

AA(c,M)|2A(^(c,Af) + 5)|s. /0. 

is totally disconnected. 

Under these hypothesis, namely (Hl~6), the path T defined in (j8.7p is a transition 
chain. Choose sufficiently many Cj G F (i = 0, 1, • • • , im) such that 

1, each A{ci) is connected to A{ci+i) by local minimal orbit either of type-c or of 
type-/i; 

2, among these classes, some classes Cj^. {j = 0,1, ■ • • , k) exist such that c,^. is very 
close to yj (the prescribed action variables in Theorem ll.ip if one identifies both Ci- 
and yj as point in M^. 

Recall the proof of Theorem 17.11 Let 7: [—K, K'] — t- be the minimizer of 
the action (|7.23p satisfying the boundary conditions 'y{—K) = xq and 'y{K') = x^- 
Dividing [—K, K'] into 2im + 1 intervals 

[-K, K'] = [t+ to ] U [to", t+] U • • • U [t+ , t- ], 

imposing some constraints on 7 at t = t^ and conditions on sufficiently large tf^-^ — tj 
and t^ —tf , one then proves that 7 is a solution of the Lagrange equation determined 
by H. 7 determines an orbit of the Hamiltonian flow 

dL 

Xit)=^it), y{t) = —{-f{t),j{t)). 

To see that this orbit visits the ball Bs{xo,yo), Bs{xk,yk) C x and the balls 
Bs{yi) C (i = 1, • • • , A: — 1), we use the following properties: 

Lemma 8.3. Let (— oo,0] M he backward c-semi static curve for the La- 

grangian L such that 7"^ ^(0) = x. The set ^ C TxM is defined so that for each 
V G L ^^c'^s exists a backward c-semi static curve 7~^. ^ such that v = 'y^xLi^)- 
Then L — )• ^ is upper-semi continuous. The same is true for forward semi-static 
curves. 

As h is integrable, any backward (forward) c-semi static curve is c-static for all 
t G M. Along any c-minimal curve the action variable always take the value c. As 
the perturbation /i — )• /i + eP is very small, j(—K) is very close to Vj~^^^ ^ provided 

— tQ is sufficiently large. It follows that \\y{—K) — yo|| is very small provided e is 
sufficiently small. In the same principle, one can see that \\y{K') — yk\\ is also very 
small. Note the Aubry set is upper-semi continuous with respect to the Lagrangian. 
At ti = (tj~ -\- tf)/2, (7(^1)1 7(^j)) is very close to A{ci), consequently, \\y{ti) - yi\\ is 
very small provided \t^ ~ ifl sufficiently large. This proves that the Hamiltonian 
flow admits an orbit that visits these balls in turn. 

To complete the proof of Theorem ll.il we only need to show the generic property. 
As the number of strong double resonant points is independent of the size of e, some 
open-dense set dO C d^i exists, for each P G dD some ep > is associated such 
that the Hamiltonian flow <I>^ satisfies the conditions Hl~5 provided e < ep. From 
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the proof of Theorem 18. II in the subsection 8.3, the condition H6 is required for the 
intersection of countably many open-dense set contained in !Bi: CiiDi. 

Let D = {Xf : f e dD,X £ [0, 1]}. Clearly, each D n Dj is open-dense in the 
following sense: there exists an open-dense set d^i C O^Bi, for each P G d^i some 
open dense set Ip C [0,1] exists such that XP £ D (1 Oi provided X £ Ip. Take 
countably intersection of D H Dj we obtain the generic condition stated in the main 
theorem (Theorem II .ip . This completes the proof of the main theorem. 

Appendix A. Normal form 

In this section, we study normal form of a nearly integrable Hamiltonian, from 
which one can get some geometric information about the related Mather sets as well 
as Mane sets. In this section, the system is assumed to have arbitrary re-degrees of 
freedom 

Hix, y, t) = h{y) + P,{x, y, t), (x, y, t) G T" x M" x T. 

The perturbation can be autonomous as well as time-l-periodically non-autonomous. 
As t can be treated as the (re + l)-th angle coordinate, we replace re by re + 1 when 
we consider time-periodically dependent perturbation P^{x,y,t). Thus, we consider 
autonomous Hamiltonian only in this section. 

A.l. KAM iteration at strong resonance. Let uj{y) = 'Vh{y) denote the fre- 
quency vector of the unperturbed system. For autonomous frequency oj is 
called rational of (minimal) period T if Too £ Z" and too ^ for each t £ (0,T). 

If the frequency u is rational of period T, with a function g{x, y) on the torus 
one associates its time average [g] along the orbits of the linear flow defined by uj: 
X ^ X + cot 

1 

[9]{x,y) = j; g{x + ujt,y)dt. 

In terms of |Lo| . we shall say that g is resonant (with respect to oj) if g = [g], which 
implies that g is constant along the orbits of the linear flow (x, y) — )• (x + ojt, y). 

Let Bfi C M" be the ball of radius R around the origin, then there are positive 
numbers M = M{R) > m = m[R) > such that 

m\\vf < {V^h{y)v,v) < M\\vf, \/ y £ Br, v £ M". 

Let a and g denote positive number such that 

a<^, K = K{e) = Koe-^, ^=l(l_3a), 

the value of a will be specified later to satisfy certain covering property. 

Denoted by {cox '■ X £ A.k,r} C Bmr the set of frequencies which are rational of 
period T with T < K. Clearly, Kk is a finite index set. Let y\ = ^^^h{ijj\). 

Let i = (ii,i2,-'' -.in) G ^+) i-e. ij is non-negative V j £ {1,2,- •• ,re}. Let 
N = E"=i ij^ ^i(y) = n"=i Vj- 
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Theorem A.l. For a nearly integrable Hamiltonian H{x,y,t) = h{y) + P^{x,y,t) 
we assume that both h and are C'^ -smooth with k > 4, and ||Pe||A:,BijxT"+i — ^• 
Some small eo = eo{M,m,n, k) > exists so that for each e < eo and each y £ Br 
there exist y\ G Br (A G ^k,r) such that \\y — yxW < fiT~^e'^ with ui\ = uj{yx) being 
rational of period T with T < K , and a canonical transformation ^\ well defined on 

Dy„e = {ix,y) G T" X : \\y - y^W < ^iT-^e'^} 

which reduce the Hamiltonian into the normal form 

(A.l) H o ^y^{x, y, t) = h{y) + Z{x, y, t) + R{x, y, t) 

where Z is resonant with respect to uj\ and R is a higher order term with respect to 
Z in the following sense: we can write R in the form 

k-2 

-R = X] ^^^y ~ y), 

\i\=0 

and the following estimates hold: 

\\Z\\2<2€, WRih < e^^^''-'^-'^" inDy^^.xT. 

Proof. Such a canonical transformation is obtained by the composition of finite steps 
of the following KAM iteration. 

Lemma A.l. Let H{x,y) be a Hamiltonian on T" x Bs^ with the form 

(A.2) H{x, y, t) = h{y) + y) + Rrfl{x, y) + Rr,i{x, y), 

where Z^ is resonant with respect to u = V/i(0), a rational frequency with period T , 
Zr, Rr,o G C'^-^ Rr,l G c''^^'^ {k > r + 2) with 

r-1 

Zr=Y,Yi{y)Zt{x,y), 

\i\=0 
r+j 

Rr,j = yi{y)K,j{x, y), (j = 0, 1) 

|i|=0 

Let Cr, rjr+j and 6r+j be small positive numbers, such that 

(A.3) \\Z%.r < erd;^'^, WKJk-r-j < -^Vr+jS;l% 

for j = 0, 1, where the norm is defined on T" x Bg^. We assume that 6r+i satisfies 
the condition 

(A.4) ErT6;^rir < 6r - 6r+l, 

where Er = |(1 + 2r + Yl^j=ijij + 1))^ then there exists a canonical transformation 
which maps T" x Bg^^-^ into T" x Bg^ and 

r 

W^Wr <ETY,0Vr,\i\fi in T'^xBs^^, 

\i\=0 

where E = E{n, r) depends on n and r. If we write H' = H in the form of kA.2jl 
with r being replaced by r + 1 

H' = H o = h + Zj.^1 + + 
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let -R^+i ^"^^ -^r+i 1 P^^y same role of Z*, i?*Q and Rli, the following 

holds in T" x Bs^^^ for certain positive number = Dr{n,r,h) 

ll-^r+llU-r-l < (Cr + ??r)<5r+i, 
(A.5) ||i2*+i^olU-r-l < Dr{Trjrdr + (e,- + r?r)?/r (^7^)5,7+1' 

114+1,1 IU-r-2 < 2L>,rV''^r~'"'''- 

Proof. Such a coordinate transformation is defined as the time-l-map of (f'Wr^ 
Hamiltonian flow determined by the generating function Wr 

r 

Wr{x,y) = Y,y^iy)W:{x,y) 

\i\=0 

where 

1 ■ 

W^{x,y) = -- RlQ{x + ujs,y)sds, 
Jo 

which is the solution of the following equation 



Clearly, it satisfies 



m < |ii<oi 



for any translation-invariant norm || • || defined on the space of measurable functions. 
Obviously, is a map close to identity. If we write it in the form 

■■ {x,y) ^ (x + Ur{x,y),y + Vr{x,y)) 

then 

fdWr dWr 







from which and ()A.3p we easily find that which maps T" x B^^.^^ into T" x B^^ 
By the standard Taylor formula, we have 

Ho,^ = H + {H,W}+ [ {1- t){{H, W}, W} o cj)\^dt. 

Jo 

Thus, we have 

Zr+l =Zr + [Rr,o], 
Rr+1,0 =(vhip) - W, + {Zr + Rr,0, Wr} + Rr,l o 

i?r+l,l = / (1 - + Zr + Rr,0, Wr} , Wr} o (t>'iv^dt. 

Jo 

To write Zr+i, Rr+i,j in the following form 

r 

\i\=0 
r+l+i 

Rr+i,j = y,(y)4+i,,(x,y), (j = 0, 1) 

|i|=0 
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we need to clarify the expression of Rl^^j. Clearly, we have 

(A.6) z;+i = z; + [i?;,o]. 

The expression of Rr+i,j is a bit complicated, Towards that, let us do some compu- 
tation. We note 

j=l 1=1 ' j=0 ' 



{Zr + Rrfl,Wr} = ^ Yi^Yi^iZ^! + E^^^^Wf } 
\i'+i"\<r 

|i'+i"|<r ^ 

+ '''\ dy ' dx I ' ■ 

|i'+j"|<r 



Let € denote the vector whose j-th component is 1 and all other components 
are 0. For i', i" G Z", the 
For each i 7^ 0, we define 



"3 

are 0. For i', i" G Z", the notation i' > i" implies that i^- > i"j holds for each j < n. 



j = \ i'Jrtj=i ■' •' i'+i"=i 

^E E (4(^^.<o)^.4'<^^) 



j=l i'+i"— ij=i 
n 



In particular, by the definition, for r = we have 



r 

n 



for r + 1 < Izl < 2r we have 



- 2^ 2^ (^^j (^r + ^r,0)-Q^ + h ) 

j = l i' +i" — ij=i 

+ E {^'+<o,^"}, 

i'+i"=i 
and for |r| > 2r we have 

Now, for those i with |i| < r + 1, we let 

pi jbi 

To define i^^+i N = ^ + Ij we introduce some notation more, i y i' implies that 
there exists jo € {!> 2, • • • , n} such that ij = i'j for each j < jo and > i'j^. For each 



ARNOLD DIFFUSION IN A PRIORI STABLE SYSTEMS 



107 



i G Zl let 

A- = {i' G : i' > i}, 

with which we define 

AAi = Ai\ y Ai,. 



i'yi 
|i'|=r+l 



For each i E Z*^ with |z| = r + 1 we let 

i'eAAi 

By the definition, for i ^ with |i| < r + 1 we have 

for i 7^ with r + 1 < |i| < 2r we have 
and for i = we have 

ll-^r+ljOlU-r-l < DrTerr]r6^ + -r/r+1, 

where Dr = Dr{n, r, /i) > is a constant. Thus, we find that 

r]r+l < Dr{Tr]r5r + (e,. + r]r)r]r5~^) 

this verifies the second formula in (jA.Sp . One obtains the first formula in (jA.Sp 
immediately from ()A.6p . 

To verify the third condition in (|A.5p . we need to find the expression of term Rr-\.i^i. 
To that goal, we write 

{{H',Wr},Wr}= Yi{y)Rl^,^,{x,y) 

\i\<2r 

where H' = h + + R^^ and 

i'+i"=i i' +i" —ij=i 

i'+i" —tj=i ■' ■' 



i'+i"—i-i—i-(i=i J J J J 



Consequently, one can write 

Rr+l,l= E y^°'PwRr 
\i\<r+l 

where io G (0, 1), -R^+i i = ^r+i i fo'^ < + 1 and 

K+ifl= E V|i|=r + 2, 

j'eAiAi 
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with AiA = Aj\ Uj/^jjj/|=r+2 ^i' ■ Therefore, we have 

l|-Rr+l,lllfc-r-2 < DrT'^rj^.d^. 

from which we obtain the third formula in (jA.Sh . □ 



We construct a sequence of canonical transformation ^r'- x B^^^^ — )• T" x B^^ 
by using the iterative lemma PV.li Let 

er+i = er + Vr, Vr = 6r = (2- ^) |e-, 

where /i > to be determined. To apply the iterative lemma, we let 5r, Sr+i and r]r 
in ()A.4[) and in (lA.Sp be valued as above. Recall that g = ^{1 — 3a) and let 



k 



/iQ = mm 



r<fc-2 2Dr{2k - 4 - r)' 
and eo be the largest e such that the following inequalities hold 

for r = 0, 1, • • • , /c - 2. We obtain from ([0]l and (IXSl) that ([0]l holds for r + 1 
provided it holds for r and fj, < fj-o and e < eo. Let = o ^2 • • • ° we 
obtain from the iterative lemma that H o has the form of (jA.ip . This completes 
the proof. □ 



There is an analytic version of Theorem lA.H see |Loj . We introduce a complex 
domain 

D{R, p, a) = {(x, y) G C^'', dist(y, Br) < p, \lmx\ < a}. 

when < (5 < p, < ^ < cr, we denote the domain D{R, p — 6, a — S,) hy D — {6,(,). 
Let cj' < 1/3 and 

K = K{e) = Koe-'', Q' = ^{l-3a'). 

Theorem A. 2. The Hamiltonian H{x,y,t) = h{y) + P^{x,y,t) is assumed analytic 
in D(R,p,a) and \Pe\D < e- Some small eo = eo{M,m,n,k) > exists so that for 
each e < eo and each y G Br there exist y\ G Bpi (A G ^k,r) such that |y — ^aI < 
pT~^e°'' with uj\ = oj{y\) being rational of period T with T < K , and a canonical 
transformation .!^\ well defined on 

Dy,,, = {{x,y) G T" X M" : |y - y^\ < /xT-^e'^'} 

which reduce the Hamiltonian into the normal form 

H o ^^{x, y, t) = h{y) + Z{x, y, t) + R{x, y, t) 

where Z is resonant with respect to uj\ and R is a higher order term comparing with 
Z: 

\Z\ < 2e, \R\ < ee~'" in Dy^^e x T. 
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A. 2. Covering property. Recall that the set of frequencies {ujx : A € ^k,r} C Bmr 
each of which is rational of period T with T < K, and the domains {Dy^^^ ■ A G ^k,r} 
where the iteration of K AM is carried (see Theorem lA.ll for definition) . 

Theorem A. 3. The following covering property holds 
(A.7) U ^^^Dy^^.DT'' X Br provided a < 



Proof. To show the covering property, we use Dirichlet's approximation theorem. For 
real x one has 

X = [x] + {x}, 

where [x] G Z the integer part, and {x} G (0, 1). We use notation 

\\x\\z = inf{{x}, 1 — {x}} = dist(x, Z). 

If X = (xi, X2, • • • , Xn) G one sets 

\\x\\z, = sup ||Xj||z. 
1=1,2,- ,n 

Proposition A.l. (Dirichlet, see for examples, [Cas] . [Sch] ) Let oj G M" and K a 

real number with K > 1. There exists an integer k, 1 < k < K , such that 

\\kuj\\z < K^n, 



For any u G M", by applying Dirichlet's theorem, we find some rational vector ui* 
existing such that K'lo* G with K' < K and 

disi{K'uj,K'uj*) < 

here, w* is a rational vector of period T. Since h is assumed strictly convex, there 
exist two points y, y* G Br such that Vh{y) = to, Vh{y*) = d* and 

dist{p,p*) < — dist(a;,a;*). 
m 

The condition ||?/ — y*|| < fiT^^e'^ is guaranteed if we choose 

(A.8) = ^e-. 

As T < if is required, the following should be satisfied: 

K < Ko€r\^^-^''\ 

that is, referring to (jA.Sp . 

which determines a threshold for e provided: 

1 

^ ^ 3n + 3' 

As we choose a satisfying this condition, the covering property ()A.7p is proved. □ 
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For the purpose of this paper, the covering property (IA.7P for the whole space is 
not necessary, instead, 

Denote by k = {ki, • • • , kn-i) a n x (n — 1) matrix, where ki, - ■ ■ , kn-i are integer 
vectors. We consider the n — 1 resonance hne 

Tk = {y G : {ki, dh{y)) = V i = 1, • • • n - 1}. 

If the covering property (|A.7p in Theorem lA. H is replaced by covering a neighborhood 
of the line 

(A.9) U DT"x{||y-yo|| </ii^-'e":2/oGrkni?K} 

then it works if 

1 

Indeed, as all frequencies are on a (re — l)-resonance line, by using Dirichlet approxi- 
mation theorem (Proposition lA.il) for re = 1 we obtain a threshold a < 1/6. 

Recall that the term Z in (jA.ip is resonant with respect to u, some rational fre- 
quency of period T < K, namely, it has the form 

{k,u})=0 

Note that Tu is an indivisible integer vector, i.e. fiTu ^ for any G (0,1). 
There are n — 1 integer vectors /2, Is, • • • , /„ such that the matrix (I2, Is, • • • , /„) is 
indivisible, rank(l2, /s, • • • , In) = n — 1 and {Ii,uj) = holds for each i £ {2,3, ■ ■ ■ ,n}. 
Clearly, there is another integer vector Ii such that the matrix I = (Ii, I2, ■ ■ ■ , In) is 
uni-module. Obviously, each A; € Z"" with {k,uj) = determines uniquely an integer 
vector k G Z"^^ such that k = X]j'=i ^j^j+i- 

We introduce a coordinate transformation: (x, y) — )• (p, q) such that 
(A. 10) g = /*x, ^ = /"^y. 

This coordinate transformation is symplectic, H{I~*q, Ip) is also a function defined 
in T" with respect to q. Let y be the point where Vh{y) = uj, then the gradient of 
h{p) = h{Ip) satisfies 

= Vh{p) = (0, ••• ,0,a;„), 

and Z{Ip, I~^q) is independent of qn, thus we can write Z{p, q) = Z{p, q,Pn) if we use 
the natation p = {p,Pn) and q = {q, qn)- 

Let us consider the time-l-periodically non-autonomous case. Assume T(u}, 1) € 
Z"'"'"^ is an indivisible integer vector. As Z is resonant with respect to to, we have 

Z{x,y,t)= Z,,i{y)e^^''^^+'K 

{k,uj)+l=0 

Thus, there are n integer vectors h,--- ,In,J G ^" such that {Ii,uj) + Ji = for 
each i E {1, • " " i'^}- For each {k,l) G Z"^-'^ with {k,uj) +1 = 0, there is uniquely 
determined (fci, • • • , fc„) G Z" such that 



{k,l) = Y,~kiiIuJ^)■ 



1=1 
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By suitably choosing Jj, we can make / = (/i,/2, • • • ,In) be uni-module. Introduce 
the coordinate transformation (jA.lOh . let y be the point where V/i(y) = u, then the 
gradient of h{p) = h{Ip) satisfies 

u, = Vh{p) = - J. 

Note that each {k,l) with {k,uj) + I = uniquely determines k G Z" such that 
{k,l) = k{P, J). As we have 

in the new coordinates the resonant term Z = Z(p,q + Jt). Let q' = q + Jt,p' = p 
and let h'{p') = h{p') + {J,p), we find the Hamiltonian equation of h'{p') + Z{p',q') 
is the same as the Hamiltonian equation of h(p) + Z(p, q + Jt). 
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